Exponential and Character
Sums

Katalin Gyarmati
katalin.gyarmati@ttk.elte.hu

Andras Sarkozy

andras.sarkozy@ttk.elte.hu

Ebtvés Lorand University
Lecture Notes

ELTE TTK, Institute of Mathematics

2024



Contents

Introduction

8

9

10

11

12

13

14

15

16

Notations

Parseval formula and Ramanujan sums
Group characters

Additive characters

Gauss sums

Vinogradov’s lemma

Weyl sums and Weil theorem

Erdos and Moser’s problem
Kloosterman sums

Multiplicative characters

Gauss sums (part 2)

The dual of Vinogradov’s lemma

Is Weil’s theorem sharp?
Pélya-Vinogradov inequality

Short multiplicative character sums

Large sieve

13

19

24

31

37

39

49

55

60

64

73

78

85

92



17 The reverse of the large sieve 111



Introduction

This course is taught at E6tvés Lorand University to MSc and
PhD mathematics students who would like to study the basics of
deeper number theory.

We wish the readers a pleasant time!

Books on which the material is based:

References

[1] H. Davenport, Multiplicative Number Theory, Graduate Texts in
Mathematics 74, Springer New York, 2013, Originally published
by Markham Publishing Co., 1967, chapters 2, 5, 23 and 27.

[2] S. W. Graham, G. Kolesnik, Van der Corput’s Method of Expo-
nential Sums, Cambridge University Press, 1991.

[3] A. Ivic, The Riemann Zeta-Function: Theory and Applications,
Dover Publications, 2003, 55-83.

[4] H. Montgomery, Topics in Multiplicative Number Theory, Lec-
ture Notes in Mathematics 227, Springer Berlin, Heidelberg
2006, 1-49.

[5] R. C. Vaughan, The Hardy-Littlewood Method, Cambridge Uni-
versity Press, 1997.

[6] I. M. Vinogradov, Elements of Number Theory, Dover Publica-
tions, Reprint edition 2016.

[7] I. M. Vinogradov, The Method of Trigonometrical Sums in the
Theory of Numbers, Dover Publications, Revised edition 2004.

3



The basic concepts were discussed mainly using [6] and [7]. The
description of the large sieve is based on the books [1], [4]. In addi-
tion to the above, the lecture note is based on a few papers, these
references are given at the end of each chapter.

For further studies, we suggest [2] for Weyl sums, the van-der
Corput method, and exponent pairs. Those who are interested in
the continuation might also study the books [3] and [5].



1 Notations

What exactly is an exponential sum?
Trigonometric form of complex numbers:
z = r(cosa + isina) = re'®.

Exponential sum: is a sum that contains complex numbers in expo-
nential form.

ez(a1+a2) — ezalezaz

(eia>n — eina.
Complex Analysis theory::
f(x)=€e": R—>R
can be uniquely extended
f(z)=¢€*: C—C.

Here, by writing i instead of z, we get e** defined above.

el = =),

Real analysis:
f: R—=R.

Complex analysis:
f: C—C.

Analytic number theory: complex variable functions.
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Here:
f: R—>C,

i.e., complex functions with real variables.
It is almost the same as real analysis
f(t) = g(t) + ih(t),

where g, h are real functions, i.e., the study of f can be reduced to
g and h.

The definition of continuity, differentiability, integrability can be re-
duced to the real case.

f'(t) = g'(t) + ih'(t)
b b b
/ F(t)dt :/ g(t)dt—i—i/ h(t)dt

Differentiability and integrability rules are the same.

E.g., for f(t) = e*

f'(t) = (cost + isint)’
= (cost)’ + i(sint)’
= —sint + 2cost

= i(cost + isint)

Similarly,



Why is this function f(t) = e* so important in number theory?

Since
ft) = e = cost + isint

is periodic with period length 2.

=

Here g(t) = e2™* is periodic with period 1.
The value of g(t) depends only on the fractional part of ¢.

We use this function so often that we introduce a new notation:

Definition 1.1 Let e(a) & e2™i@. Then the value of e(a) depends

only on the fractional part of .. In addition, we also use the notation
def 21 o

em(a), where e, (a) = e*™m = e (2).

m

The following play a particularly important role:

f(t)=>_ ane(nt)

=) an(e(t)"

is an exponential (trigonometric) polynomial and

F(t) =) ane(nt)

is a power series; here we assume that it is absolutely convergent:

oo

Z la,| < oo.

n=0
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As in real analysis, here as well, every piecewise continuous function
F(t) can be expressed as a power series, so-called Fourier series.

Let
F(t)=>_ ane(nt).

Then what is f/(t) and [* f(t)dt equal to?

Clearly
N
') = Z 2wina,e(nt).
n=0

Next, instead of computing fol f(t)dt, we study more generally,
namely for integers 0 < k£ < NN we have

/0 ft)e(—ktydt = 3 an/o e((n — k)t)dt

= ag /01 e(0)dt + nZN; an, /01 e((n — k)t)dt

natk
o 3o (=)

n;é k:,

= ag.

Similarly,

1
/ f(t)e(—kt)dt =0ifk < 0ork > N.
0



2 Parseval formula and Ramanujan sums

The following theorem is one of the most fundamental techniques
for estimating exponential sums.

Theorem 2.1 (Parseval formula)

a) Iff(t) = Zn o ane(nt) then

/0 F@®Pdt =3 |anl

n=0

b) If f(t) = 32, ane(nt) and 3 |a,|* is absolute conver-
gent, then

1 oS}
| 1@ ae =3 jadf*
0 n=0

The proof of Theorem 2.1.

a)

/0 £t dt = / F(OF@)dt

— Z ane(nt) Z ame(—mt)dt

/ Z Z anarme((n —m)t)dt
2

i An@m /1 e((n — m)t)dt.

0 m=0

Here, the last integral is 0 if n #2 m and 1 if n = m, i.e.,

1 N
| ir@ra =3 aa
n=0
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=2 laul".

n=0

b) similarly.

Lemma 2.1 a) Fora € R we have
1 —e(a)| <27 |al.
b) For|a| < 3 we have

11 —e(a)] > 4]af.

The proof of Lemma 2.1.
a)

AN
7
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1 —e(a)” = (1 —e(a)) (1 - e(a))
= (1 —e(a)) (1 —e(-a))
=1—¢e(a) —e(—a)+1
= 2 — 2Ree(a)
= 2(1 — cos 27x)

= 2. 2sin? Ta.

Taking the square root:

|11 — e(a)| = 2|sinma| = 2sin7|a|.

Since 22 s monotonically decreasing in [0, 7 /2]:

sinez _ sinw/2 2
> —

- 9

x ~  w/2 ™
thus
) 2
sinx > —x.
™
That is
. 2
1 —e(a)| =2sin|ra| > 2 —7|a| =4|af.
™

Example. p € Z,q € N

Se () -Ee )

n=0
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Theorem 2.2 (Jensen-Ramanujan formula) /fq € N then

S= > e(g) = pn(q).

0<p<q
(p,q)=1

That is, the sum of the primitive qth roots of unity is p(q).

The proof of Theorem 2.2. Let n denote the Mdbius function. We
use the following:

Zu(d)={1 =1

din 0 ifn>1.

=5 (S )2

(d)0< ] le<§>.

dlp

Then:

|I
M [Aagl

o8

lg

In the last sum, write p = kd. Thenkd < q —1,s0k < I — 1.
Thus:

2

S = Zu(d)Z ( )

dlq
In the first sum, we distuingish the cases d = g and d < q. Then

S = u(q)+Zu(d)Z < )

dlq
d<q

Q.IQ

= p(q) + > u(d) - (E ‘ 5> = p(q) + Y _n(d)0

d
dlq — € (E) dlq
d<q d<gq

= pu(q)-

12



3 Group characters
In number theory, characters usually mean multiplicative charac-
ters, possibly additive characters, these will be discussed later.

First, let’s define the so-called group characters, using minimal
group theory (so it looks better, more modern).

First, let's see what we mean by the group character in algebra. We
now only look at the case of finite Abel groups (much simpler and
enough for us).

Definition 3.1 Let G be a finite Abelian group,
xX: G—C
with the following properties
1. x(g) #0 ingG
2. x(g) multiplicative in G:
x(9192) = x(91)x(92) V91,92 € G.

Then x is called a group character (defined on G ).

Corollary 3.1

@ If e is the identity element of G, then x(e) = 1.

(2 Vg € G we have (x(9))°' = 1.
@ Define xo : G — C by
Xo(g) =1 Vgeg,

then xo is a character in G, this is the so-called main character,
trivial character or principal character.

13



@ If x is a character on G, then we define

X:G — C by
x(@)E x(g) Vgeg,

Thenx is also a character on G, this is the so-called conjugate
character.

@ If x1, x2 are characters on G, then define x by

x(9) £ x1(9)x2(9) Vg€ G,

then x is also a character on G. (So the product of two char-
acters is also a character, in fact, the characters form a group.)

@ IfG = G X Gy, then x : G — C is a character in G if and
only if 3 character x1 in G, and character x5 in Go such that
Vg =g192 € G we have

xX(g9) = x(9192) = x1(91)x2(g2)-

@ IfG = C,, = {g}. is the cyclic group of order n, then x is a
characteron G if and only if3 a € {0,1,2,...,n — 1} such
that

x(g") = e <k%> Vk € Z.

The explicit form of characters defined in G = C,,, X C,, X
cee X Cy, IS

aq a,
x(g’fl-'-g,’f")=e<k1—+---+kr—>,
nq n,
where a; € {0,1,2,...,n; — 1} V1 <11 < r. Note that if
X=Xo & a; =0 Va.

14



@ The number of (different) characters defined on G is |G|.

Proof of Corollary 3.1.

@ dg: x(g) # 0, thus

x(e)x(g) = x(eg) =x(g) /:x(g)(#0)
x(e)= 1.

(x(@)¥ =x (9) =x(e) =1

T T
property 2. Lagrange t.

(8) Trivial.

@ Trivial. Remark:

1=x(e) =x(g97") =x(9)x@™") /-x(g)
x(g) = (x(g)@) x(g™")

By (2) we have x(g)x(g) = |x(g)|* = 1. Thus
x(9) = x(g7")-
(5), () Trivial, HW.
(7) Follows from (2) and x(g*) = x(9)*.

This is a corollary of (7).
@ This is a corollary of .

15



Further properties

Corollary 3.2

@ If x is a group character defined on G, then

_ G| ifx = Xo
> x(g9) = { 0

@Vgegwehave

ifg=-e

_ ) 19
ZX:X(g)_{O if g # e.

Proof of Corollary 3.2. : letG =C,, X C,, X --- X C,, =
{g1}n, X {92}n, X -+ X {gr}n.- Then Vg € G can be uniquely
written in the form g’fl .- ogf’", where 0 < k; < mn;. Since, according

to (8) the explicit form of V  is

a ar
X(g" - gy) =e (kl_ +m+k:r—> :

ny n,

where a; € {0,1,...,n; — 1}, thus

Sxl =3 3 (]2 2.

geg k1=0 k,.=0
So:
ni—1 a; n,—1 a
> x(g) = (Z e (k—)) (Z e (k—))
geg k1=0 n1 k, =0 n,

) ifa; =0 n, ifa,=0
o ifa #0 0 ifa, #0.

16



That is

nys-on,. = |Cq|---|C,| = |G|, ifa;=---=a, =0,

> x(g9) = & X = Xo
9€g 0, ifda; #0<%& x # Xo-

LetG = Cp, X+ X C,, = {g1}n, XX {gr}n,. Furthermore,
we write the fixed element g € G in the form g = g} - - - g*-, where

Again by we get:

> x(g) = nil Z (kl_ +k2—>

gGg a;=0 a,=0 r
Thus:
ni—1 n,—1
1 k]_ ™ kr
ZX(Q) <alz_:o (alnl>> (arz::oe (arn))
. nq |fk§1:0 n, |fkir:0
1o ifk #£0 0 ifk, #0.
That is
nl"‘nr:|g|v ifklz"‘:kr:09<:>9269
> x(g) = .
N 0, if3k; #0 < g # e.

Theorem 3.1 Let G be an arbitrary finite Abelian group, g € G and
91,92, --.,9: € G elements (where g; = g; is allowed). Then

{i:1<i<tgi=g}l= o Zx(g)Zx(gz

17



Proof of Theorem 3.1.

2. X)) x(g) =3 (2 x(g)x(gi)>

:Zt: 9] ifg7g=e & gi=g
0 ifg'lg#e & gi#g

from which, dividing by |G|, we get the statement of the theorem.
In number theory, there are two important special cases:

1. G =< Zm,+ >, the additive group of residue classes
mod m = additive characters.

2. G =< Z* , x >, where the group of reduced residue classes
of Z,, is Z7 , the operation is multiplication = multiplicative
characters.

18



4 Additive characters

In the case of fixed m, k € Z, we denote the residue class mod-
ulo m represented by k by k:

k={zx: xz€Z,x =k (modm)}.

Then, according to @ of Corollary 3.1, the characters defined on

U(k) =e (k%) :

where a € {0,1,...,m — 1}. From now on, for the sake of sim-

Z.y, are:

plicity, we omit the overline from k, so

(k) = e <k%> :

These are more recently called additive characters. For these ad-
ditive characters, the statements @@ of Corollaries 3.1 and 3.2
hold, e.g., from the last theorem we get the following:

Theorem 4.1 If A C Z,, Is finite, r € 7Z and m € N, then writing

F(t) =) e(at)

ac A
we have
1 m—1 k k
{a: a€e A, a=r (mod m)}| =— e(—r—>f<—>
m k—0 m m
iy ( rk) 3 <ak>
m =0 m/ ea \M

Proof of Theorem 4.1. By Theorem 3.1

iz 1<i<t gi=g} =& Zx(g)Zx(gz (4.1)

19



In this theorem, let G = Z,,,, g def r, A = {ai,az,...,as} (thatis

t=s),0 = a

If x is a character on G = Z,,, then

x(1) =e <£>,

where 0 < k£ < m — 1. By (4.1) we get

Ha: a€ A a=r (mod m)} =

m—1 s
k ka;
() 2 ()
k=0 m 1=1
1

Sl= 3= 3=

() ()

In Theorem 4.1 f(t) is the generator function of the set A, also
called Fourier transform.

Now it becomes clear why the function e(«) is so important in num-
ber theory:

We know e(«) is periodic with period 1. Thus, e (Z) depends

m

only on the residue class n (mod m).

Thus e (a:*) for fixed k and m depends only on the residue class

k
m

a (mod m).

So, if we can control the generator function (Fourier transform) of
the sequence A (which is f(t) = fa(t)), then the distribution of the
elements of A in the residue classes can be controlled.

20



This principle can also be applied in the opposite direction.
Known distribution in the residue classes =- control of the gener-
ator function f(t) = other arithmetic properties of .A can also be
studied.

The applicability of additive characters is based on this.

Of course, the formula in the theorem could be calculated without
using characters, but it looks better this way.

4.1 Applications

Theorem 4.2 If¢ € N, f(x1,...,x0) € Z[x1,...,2x4], then the
number of solutions of the congruence

f(x1y...,2¢) =0 (mod p)

) mzlmzl Z <f(t1,...,tg)£>.

kOt_O ty=

Proof of Theorem 4.2. We use the previous theorem with » = 0
and

A={f(t1,...,t)): (t1,...,t) € {0,1,...,m — 1}*}.
Then

N =[{ftr, - erte): (tr,.-rsts) € {0,1,...,m — 1},
f(tiy...,t)) =0 (mod m)} |

— %m_le <—%> mz—l mz_l <f(t1a te)%) :



Here e (—%%) = 1, and with this we proved the statement of the
theorem.

Studying the special case of linear congruences:

Theorem 4.3 Let¢ € N, ay,as2,...,a,,b € Z and
def
d :e (al,a,2, oo ly, m)
Then the number of solutions of the congruence
aix; ++--+axy=b (mod m)
is
N — m*1d, ifd|b
1o, if d 1 b.

Remark. For £ = 1, to solve axz = b (mod m) we really get that

d= (a,m), ifd|b
N =
0, ifd 1 b.

Proof of Theorem 4.3. Using the previous theorem with

flxy,..., @) = a121 + -+ - + agxy — b we get:
1 m—1m—1 m—1 k
N =— --Ze((altl—i—---—i—agtg—b)—)
M 20 =0 t,—0 m
1

S () (e ()] (e (o)

m, ifm|ak m, ifm| aik
1 o, if m 1 agk



= — E e (—b—) m.
m o im m
m|(ay,...,ap)k

Let d & (a1y...,ag,m), and m = m*d, (ai,...,ay) = a*d,

where (m*, a*) = 1.

The index of the last sum includes m | (a4, ...,as)k, let's ana-
lyze this a bit:
m | (ai,...,ap)k & m*d | a*dk
& m* | a*k

where by (m*, a*) = 1 we get

Therefore, in the limits of the sum, we can write & = m*t, where t

runs on the numbers 0, 1,...,>> —1,i.e.,0n0,1,...,d—1. Then
k __ *t __t
m = med = - OO

t=0
[ mtd, ifd|b
1o, if d 1 b.

This completes the proof of the theorem.

So far we have studied such exponential sums where the expo-
nent is a linear function of the variable, i.e.,

e((r(n)),

where r(n) is the first degree polynomial of n. The next step is
when there is a quadratic polynomial in the exponent. We will study
this case in the next chapter.
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5 Gauss sums

Definition 5.1 Letm € N, a € Z. Then the sum
m—1 a
S ) = 2_
(a,m) mE:O e (:c m)

is called the Gauss sum.

Theorem 5.1 Ifp > 2 is aprime, (a,p) = 1, then

S(a, p) = +P, ifp=1 (mod 4)
“PIT 4ip, fp=3 (mod 4)

Thus |S(a, p)| = /P.

Proof of Theorem 5.1. First, we only determine the value of
|S(a, p)|.

|S(a,p)|* = S(a,p)S(a,p)

p—1 p—1
a a
=L (<) Ze (-+})
=0 p y=0
p—1p—1
a
=2 e (@ —vr)
=0 y=0 p
p—1p—1

:ZZe((w—y}(w—i—y}%).

=0 y=0

Now, we introduce new variables according to the value of x — y.
Let

r—y=t (mod p),

where 0 < t < p — 1 can be assumed. Here only the residue of
x —y =t (mod p) is important. Originally, the sums run on x, y.

24



The new variables are t, y. Thus:

—1p-—-1

Sl =Y S e (120

tOyO

— a 2tya
tz (%) (%5°)
_1 2tya
ey
0, if p{2at, thatist > 0
{ p, ifp|2at, thatist = 0.

whence

S(a,p) = v/p-

Ifp =1 (mod 4),then —1 is a quadratic residue. That is, we list
all quadratic residues twice on the left and right sides of the following
congruence:

{127 227 R (p - 1)2} = {_127 _227 R _(p - 1)2} (mOd p)'

Thus:

x=0 p
p—1
a
=3 e (-=7)
x=0 p
— S(a,p).

That is, S(a, p) is real and its absolute value is \/p. So S(a,p) =
+./p.

25



If p =3 (mod 4) then

S(a,p) + S(a,p) =

() ()

z=0 p y=0 p
T 0
quadratic quadratic
residues 2 X non-residues 2 x
and "0” 1 x and "0” 1 X

p—1 a
=2 —
>e(=)

= 0.

That is Re S(a, p) = 0, but since |S(a,p)| = /P We have

S(a,p) = £i/p.

Theorem 5.2 If (a,p) = 1, then

S(a,p) = (%) 5(1,p).

Proof of Theorem 5.2. We use the following lemma.

Lemma 5.1 Fora,b € Z; we have

S(ab*,p) = S(a, p).

Proof of Lemma 5.1. Indeed

p—1

S(a:p) = 3 eplaz?) = 3 e(a?).

x=0

26



As x runs on Z,, obviously bz also runs on Z,, therefore

p—1

S(a,p) = ) _ ey(a(bz)?)

x=0
p—1

= Z e, (ab*z?)

x=0

== S(abz,p),
which is the statement of the lemma.

Let us fix a quadratic non-residue n (mod p). Based on the
lemma:

S(a,p) = S(1,p),

if a is quadratic residue. Thus we get
a
S(a,,p) = 5 S(l,p)

if (%) = 1. The case (%) = —1 is missing. Also based on the
lemma:

S(a,p) = S(n,p),

if @ is quadratic non-residue. Let’s study the sum

> S(a,p).

On the one hand, this is
p—1 p—1
S(O,p) + TS(I,p) + TS(naP)a

since there are ”2;1 quadratic residues and ”2;1 quadratic non-
residues. On the other hand:

p—1p—1

> S(a,p) =Y eplaz?)

a=0x=0

27



= Z Z ep(awz)

This is Oéxcept for
x = 0whenitisp

= p.
That is:
p—1 p—1
S(O,p) —|—7S(1,p) + 75(“”1)) =Pp.
Thisis p
So
S(n,p) = —S(l,p)
n
S(n,p) = <_> S(1,p).
b
That is, even in the case <%> = —1 we have

S(a,p) = S(n,p) = —S(1,p) = (g) S(1,p).

The following Theorem can be found e.g. in the “small” Vino-
gradov book [6, page 67, problem 11b 3]. We will not prove it here.

Theorem 5.3 Form > 2, (a, m) = 1 we have
1.
vm, ifm=1 (mod 2)
|S(a,m)| =< 0, ifm =2 (mod 4)
v2m, ifm =0 (mod 4).

2.
( (1+2)v/m, fm=0 (mod 4)
, fm=1 d4
smy=1{ V™ fm =1 (mod4)
0, ifm =2 (mod 4)
\ i/ m, ifm =3 (mod 4).

28



Consider the following as an example:

Theorem 5.4 The number of solutions of the congruence z? +y? =
a (mod p) is

( 2p—1, fa=0 (modp), p=1 (mod 4)
p—1, ifaZ0 (modp), p=1 (mod 4)
1, ifa=0 (modp), p=-—1 (mod 4)

| P +1, fa#0 (modp), p=-—1 (mod 4)

The proof of Theorem 5.4. Due to the studied theorem, the number
of solutions of f(z1,22) = 22+ y*> —a = 0 (mod m) is

=0 y=0 k=0

— lpz_fe (—a%) pz_ipz_ie ((a:2 + y2)§> .

p k=0 =0 y=0

Separating the term k = 0:

p—1

1 1
N=— -p*+=> S(k,p)’
p P,
This is p, ifp=1 (mod 4)
—p, fp=—1 (mod 4)
1 fp=1 d4
= 0p - p, Where §, = I p_ (mod 4)
—1 ifp= -1 (mod 4).
Thus:
p—1 k
N:p—l—(SpZe(—a,—)
k=1 p
—1, fa=0
:p+6p' P .
—1, ifa#0

29



(p—l—(p—l):2p—1, fa=0 (modp), p=1 (mod 4)
p+1-(-1)=p—1, ifaZ0 (modp), p=1 (mod 4)
p—(p—1) =1, ifa=0 (modp), p=-—1 (mod 4)

| p—1-(-1)=p+1, faz0 (modp), p=-1 (mod4).

Corollary 5.1 For each prime p 3 a,b € Z such that
a’?+b>+1=0 (mod p).

This was used in the proof of the Lagrange’s four-square theo-
rem.

Proof of Corollary 5.1. We state that the congruence
z?+y?*=—1 (mod p)

is solvable. This is trivialforp = 2 (x = 0, y = 1). If p > 2, then,
according to Theorem 5.4, the number of solutions is:

N — p—1>0 ifp=1 (mod 4)
“|lp+1>0ifp=—1 (mod 4).
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6 Vinogradov’s lemma

Next we present an important inequality about additive charac-
ters.

Roth noted in the preface to Vinogradov’s book [2] that the basis of
Vinogradov’s method is that the problem in question is derived to
estimating of sums of the form

Z Z e(auv).

The first step in this direction:

Lemma 6.1 (Vinogradov) Let (a,q) =1,q > 1 and

5% 55 ¢ aymye (qu)

=0 y=0

(i.e., if we write the additive character ¥(n) = e <gn> mod gq,
then S = 3, 3, &(@)n(y)¥(zy)), and let

Y lE@))*=Xo, Y In@)I’ =

Then
S| < (XoYoq)'/?.

The proof of Lemma 6.1. By the Cauchy-Schwarz inequality:

g—1q—1

1S|* = ;}2)5(%‘)"7@)6 (wy >|
= Z&(w)Zn(y)e <wy )‘
% ey =0

b(z)
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< <§|§(w>|2>- (Z S n@)e (20%)

2)

y=0
o S S0 nwe(aw ) Y07, ne(—ay's.)
That is
—1 g—1 (y y/)a
sI* <X°ZZn(y)n(y)Z ( )
y=0 y’=0 s
— q, ifCI|(y—y’)a@y:y/
0, ify#£vy
—1 qg-—-1
= Xo Z S ny)ny)a
y=0 y’'=0
= XoYoq.
Whence:

S| < (XoYoq)'/2.

In the following, we will study an application. If the sets A, B,C, D C
Z,, are large, then the congruence

at+b=cd, ac€cA beEB, ceC,deD

is solvable in Z,,.

Theorem 6.1 (Sarkozy [1], 2005) /fp is a prime, A,B,C,D C Z,
and we denote the number of solutions of

a+b=cd, a€c A beB,celC,deD (6.1)

by N, then
| Al - |B]-|C| - |D]
b

N — < (lA]-|8]-[c|-|D)"*p"/?
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Corollary 6.1 Ifp is a prime, A, B,C,D C Z, and
Al - |B|-|C| - D] > p?, (6.2)

than (6.1) is solvable.

Remark. Corollary 6.1, i.e., (6.2) is the best possible apart from the
best constant factor: consider A = B = {n : 1 < n < p/2},
C = Z,, D = {0}, then

1
AL 8] fel - 1P] = (§ +o(1)) 5
and (6.1) is not solvable.

The theorem cannot be extended from a prime modulus to a com-
posite one, i.e. from Z, 10 Z,: If m = 2k, A =C = {2,4, ..., 2k},
B={1,3,...,2k — 1}, D = Z,,, then

1
AL 18] - €] D] = (5 +o1) ) m,
and (6.1) is not solvable.
Many interesting corollaries exist, e.g. for
C=D={z": x € L}

we have
{cd : cEC,dE’D}z{zk: ZEZ;}a

thus for |A| - |[B| > (k? + o(1)) p we know that the congruence
a+b=z acA beB

is solvable.
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So if, for example, A = {z™ : = € Z;}, B={y" : y € Z;}, then
we get that the congruence

™ +y" =2 (mod p), xzyz#Z0 (mod p)

is solvable. Particularly, the congruence =" + y™ = 2" (mod p),
xyz Z 0 (mod p) is solvable (this is the Fermat congruence).

The following corollaries are also important: if C = D = {2?: z €
Zy} and | A - |B| > (4 + o(1))p, then

b
<a+ )zl, ac A, beB
p

is solvable. Obviously, it also follows that if | A| - |[B| > (4 4+ o(1))p,

then )
<a+>=—1, ac A, beB
p

is solvable. Furthermore, the value of the least quadratic non-

residue is related to his problem.

Proof of Theorem 6.1. Let F(a,b,c,d) = a + b — cd, then by
Theorem 4.2 the number of solutions of the congruence

F(a,b,c,d)=a+b—cd=0 (mod p)
is

N:lzzzzge<(a+b_cd)g)

P acaven cec dep k=0

7

~

p, ifa,b,c,d are solutions
0, ifa,b,c,d are not solutions.

Usually, the main character, the case k = 0 gives the main term, the
rest can go to the error term. So that we separate the term k = 0:
| Al - |B]-[C] - |D|

p

N =
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—1

pIL (a2) > ()X e (ed).

1p
_|__
pk

p ceC deD p
Thus
‘N_ |Al-1B]-]C]- IDI‘
p
1” .
r2 e ()| [5e (5) [mm e (=)
pk: 1laeA p beB ceC deD
By Vinogradov’s lemma (see Lemma 6.1):
>3 e(—edt )| < (elipip) .
ceC deD
That is
‘N_ |Al-1B]-|C|- IDI‘
p
1eiD) S (S e (k)| [ e (oF
- 1/2 p p
k: 1lacA beB |
Cauchy—VSchwarz
1/2 = N Y2 (p kN | i
1/2 el (-1 e (a—) S>> e (b—)
k=1 lacA p k=1 |beB p
We know that if F(c) = 3"~ aje(jc) then
p—1 E\ |2 p—1
S| () =X . 63)
k=0 p k=0

(This is a Parseval-type inequality, HW.) Thus:

Al - B8] -|C] IDI‘
P

N — (lclD)™? (pl.ADY2 (p|B])'/

pl/2
p'* (| Al - B - [c| - D).
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Proof of Corollary 6.1.
|Al-1B]-|C| - |D]
b
= p'/* (|A] - |B| - |c| - |D|)"? (

—p"* (Al - |B| - [c| - |D|)"/?

(A -18| - [c] - |D)'? 1)

N >

p3/2

> 0.
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7 Weyl sums and Weil theorem

5 <aw2>
D e

Gauss sum

We saw

By the method of the proof:

Se(5) =2 ()2 ()

. p ” p

=YY e((f@) - £@w) /p)

~"~

(x —y)g(x,y)
#

:ZZe(tg(t+yay)/p)a

here, the degree of g(t + x,y) in y is one less than the degree of
f, and thus we reduced the estimation to polynomials of one degree
less. Sums of the type Zisz e (f(x)) are called Weyl sums.

With this idea, Weyl [3] e.g., proved the following:

Theorem 7.1 If M, N, a and q are integers, where (a,q) = 1,
qg > 0 and f is a polynomial of degree k with real coefficients,
where for the leading coefficient a;. holds the inequality
a t
ap — —| < )
q q
with somet > 1, thenV € > 0 we have

M+N . ¢ 1 ¢ q 21—k
Z e(f(z)) =0 <N <a + N + Nk—1 + N’“) )

=M

as N — oo.
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This estimate is non-trivial only if ¢ < NF.
There is another related general theorem:

Theorem 7.2 (Weil [2], 1941) Let p be a prime, f(x) € Fy[x], is a
polynomial of degree d, where 1 < d < p. Ekkor

S (1)

x=0

< (d = 1)/p.

Sharp: if f(x) = z2.

We do not prove the theorem, since it is based on very deep alge-
braic geometry. (Later, Stepanov + Schmidt [1] gave an elementary
but lengthy proof.)
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8 Erdos and Moser’s problem

Another illustration. Diophantus asked:

How many integers a;, as, ..., a; can be given such that a;a; + 1
is always a square number if ¢ #£ 57

Euler, Fermat, Dujella and many others worked on the problem (in-
cluding me).

Erdés and Moser asked the following problem independently in
1963:

Let A = {al, as,y ..., at} such that
a; -+ a;

is always a square if ¢ # 3. (The sum of different a;’s is always a
square.) How large can t be? Can it be arbitrarily large?

Remark: here ¢ and 5 must be different because otherwise the crite-
rion that

is too strong, in this case, we would get a Pythagorean triple-like
problem.
Lagrange [4] and Nicolas [5] gave an example with t = 6:

A = { — 15863902, 17798783, 21126338, 49064546, 82221218,
447422978},

Since then, there is no other example with ¢t = 6.
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It is possible that max ¢ = 6 and it is very likely that max ¢t = O(1),
but this seems hopeless. Therefore, in the case of sets in the interval
[1, x], we estimate the value of ¢ as a function of .

Theorem 8.1 (Rivat, Stewart, Sarkozy [6]) There exist an integer
xg suchthatxg < x € N, A C {1,2,3,...,x},andfora,a’ € A
we know that a + a’ is a square, then

| A| < 37log x.

Proof of Theorem 8.1. Now here is the lemma, which is the essen-
tial part, the rest is easy (sieve application)... So the lemma, which
is perhaps of independent interest:

Lemma 8.1 /fpisaprime,p > 2,B C Z,and forb,b’ € B,b Z bV’

(mod p) we have

(b + b
p

>:1 or b+b =0 (mod p),

then
|B| < 64/p.
Before we go any further, why does it help us?

Consider a “good” A sequence. If a,a’ € A, a # a/, then

a+a’ = n?,

that is

(a + a’
p
Thus, due to the lemma, for V p the set A intersects only a few

)zl or a+a =0 (mod p),

< 6p'/? residue classes modulo p.
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This shows that A C {1,2,...,x} is “sparse” ( |.A4| “small’) as a
function of x .

Lemma 8.1 also follows from Sarkdzy’s theorem (Theorem 6.1), but
now let’s see the original proof.

Proof of Lemma 8.1. Let

G(h,p)= pi e <h?m2> (Gauss sum)

x=0

Go = g(l,p), |gO| — \/I_)

Then by Theorem 5.2 we have

G(h, p) = (g) G(1,p), it (hyp) = 1.

( gOv |f
G(h,p) = —Go, ff

p, ifp|h.

So

1
1 (8.1)

VIS DI
|

\

p—1 2\ \ 2
b
g (Z . ( bx” ))
2—0 \beB p

Then, by giving an upper-lower estimate for |S|, the statement of the

Now consider

lemma follows.

Let’s look at the lower estimate first.

S| = ZZZ ((b—l—b’)w )

z=0beB b/ cB

- Z Z g(b+b,9p)

beB b eB
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=Y 6+ Y (G +V,p) —Go)

beB b eB beB b eB

Here in the second term, G(b+ b’, p) — Gy is almost always 0, since
b + b’ is a quadratic residue for different b, b’ or 0, and here we can
use (8.1). The only exceptions are the cases when b = b’ (mod p)
orp|b+b.

Thus, by the triangle inequality:

S| > |B|*1Gol — > _1G(2b,p) —Gol — > 16(0,p) — Go

beB b,b' €B,b#£Y
plb+b
> |B*vp— > 2p-— > 2p
beB b,b’ €B,b#£b
p|b+b’

V b at least one b’ 3

> |B’vP—) 2p—) 2p

beB beB
> |B|*v/p — 4p|B|.

On the other hand:

p—1
EESY

x=0

bx? 2
Ye (_) .
beB p

As x runs on the residue classes 0,1,...,p — 1 modulo p, x

2
takes each residue class at most 2 times. So:

p—1 by
S| <2> ) e (—)
bes P

y=0

<23y 3o ()

y=0beB b cB

2
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oy TS e (0)

beB b eB y=0

— 92 Z p

b,b’eB
b—b'=0 (mod p)

/]\
only for b=b’
= 2|B|p.

Thus:

B]*v/p — 4p|B| < |S| < 2|Blp
1BI2y/p < 6|B|p
1B| < 6+/p.

In the following, we will study the other tool used, Gallagher’s
larger sieve [2].

The present version was stated by Erdds, Stewart and Sarkézy [1]
in 1994.

Theorem 8.2 (Gallagher’s larger sieve) Suppose m,n € N, A C
{m+1,m+ 2,...,m +n} and P C N is a finite set whose
elements are pairwise relative primes. For each p € P , denote by
v(p) the number of residue classes mod b that intersect A . Then

> logp —logn

pEP
A <Py
oCP v(p)

(8.2)

provided that the denominator is positive.

First Gallagher formulated this statement in the case when P
contains only primes.
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Why do we call such a theorem a sieve? In this case the number
of elements of the set A is estimated using the v(p) functions. If
A does not contain elements from many residue classes mod p,
then v(p) is small, so the fraction in the denominator of (8.2) is large,
which gives a strong upper estimate for |A|.

We proved the theorem in the course “Combinatorial Number The-
ory”, see [3].

Theorem 8.1 follows from Gallagher’s larger sieve.
Letm =1, n =« and

P ={p: pisaprime and p < 36(log =)*}.

Denote by B, C Z, the set of residue classes mod p for which
there exists a congruent a € .A modulo p:

B,2{b€cZ,: Jac Ab=a (modp)}.

Since a + a’ is always a square, thus b, b’ € B,-re:

(b + b
p
By Lemma 8.1:

)zl or b+b =0 (mod p).

u(p) = |B,| < 6p*/2.

Using this:

> logp — log x
p<36(log z)?

> 8D _ logx
p<36(ogz)? V7

Al <

(8.3)

After calculating sums in this formula, we get the following esti-
mate:
| A| < 37 log «.
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But how do we handle the two sums running on primes:

> log p and > 1&’%?
p<36(log z)? p<36(log z)2

There are two options for handling sums running on primes:

Option 1: with the Lebesgue-Stieltjes integral (of the two options,
this gives a more accurate estimate). We will say a few words about
this option at the end of the chapter, but now we will proceed accord-
ing to Option 2.

Option 2: with prime number theorem. By this, the expression in
the numerator is:

Z log p — log x = log H p| — logx.
p<36(log z)? p<36(log z)?

According to the Wikipedia page “Primorial” [7] we have [[,.,, =
e(ttoM)n thys

Z log p — log x = log (49(1""’(1))36(10gm)2 — log az)
p<36(log z)?

= (1 + 0(1))36 (log z)* — log =
= (14 0(1))36 (log :L')2 .
Unfortunately, for the denominator, we are not lucky enough to find

the sum running on the primes in question on Wikipedia. This must
be calculated...

So, now follows the estimate of the denominator. We immediately
merged what we could into o(1). Our sum is:

log p
Z — log x.
p<36(loga)? OVP
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In the interval [1.36(log =)?], the primes in increasing order are:

p1 =2, pp=3,p3 =5,...,p:. Then

t = 7(36 (log x)?)

36(log x)?
= (1 + o(1)) 20008 )
log (36(log x)?)
(log )*
=(14+o0(1))18——.
log log «
The sum in the denominator is
. (1+0(1))18 o5
3 logpi | log p;
—logx = Z — logx
=1 6 Vv Pi i=1 6\/ Di
By prime number theorem:
p; = (14 o0(1))ilog?
logp; = (1 4+ 0o(1)) log1
vDoi = (1 + o(1))/ilogi.
Thus the sum n the denominator is
140(1))18Ues2)?
o — log x.
6/
We approximate this with an integral:
(1+0(1))18 lex2)” Viogi
1+ o(1 — log x.
| (1 -+ 0(1) L2 — log
The primitive function of (14 0(1)) %" is (1+o(1));+/7log3 (this

is not an exact value, but one in which we allow an error term with
ordo. Derive the latter function and get the former function such a
way that we keep the main term, and all the other terms can go to
the ordo.)
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So now

p<36(loga)? OVP

2
] (1+o(1))18g‘fljg)m

= (1+ 0(1)) Vilogi — logx
(log z)*

= (1+ 0(1)) 18——— - 2loglogx — logx
log log x

=2(1+o0(1)) logx — logx
= (1 + o(1)) log «.

Thatis (1+0o(1))36(1 )2
o og x
Al < 1 .
Al< (1+o0(1))logx < 37logx

We mentioned that (8.3) can be estimated in a different way (this

was the first of the 2 options mentioned), namely with the Lebesgue-
Stieltjes integral. These estimates are based on:

S F(p) = /f(t)dm(t)

p<x

= fmw)| - [ fomoa

It is your turn to work out this approach. In this regard, those inter-
ested can also view the following: link.

It would follow:

Waring, Weil sum... Later... However, now in the next chapter there
is one more sum with additive characters, after which we will move
on to multiplicative characters.
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https://math.stackexchange.com/questions/115230/summing-over-general-functions-of-primes-and-an-application-to-prime-zeta-fun
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9 Kloosterman sums

Two definitions:

Definition 9.1 Ifq € N,q > 1, a,b € Z, then the sum

b *k
Ua b2 Y <M>

0<z<q q
(z,q9)=1

(where x* is defined by xx* = 1 (mod q)) is called Kloosterman
sum.

Definition 9.2 A sum of type

il a a
Se(r@?) o ¥ e(r@?)
=1 q 1<z<q q
(m’Q):l
is called complete, while a sum of type
a a
> e(r@f) o X e(f@?)
u<lzr<v q u<er<v q

(xz,q9)=1

is called incomplete.

So far we have studied complete sums (Ramanujan sums, Gauss
sums); the above Kloosterman sums are also complete, but incom-
plete sums can also be defined by

b %
Uabiq) & S (m>

u<r<q q
(z,9)=1

Incomplete Kloosterman sums will be discussed later.
First complete Kloosterman sums. Some basic properties (see

“small” Vinogradov [2, page 51] or Hooley [1]):
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Theorem 9.1
a) U(a,b;q) Va,b,qisreal
b) U(a,b;q) =U(b,a;q) VY a,b,q.
c) If (h,q) = 1 then

U(a,bh; q) = U(ah,b; q).

d) Multiplicative property: If g1,q> € N, q1,92 > 1, (q1,q2) = 1
and for given a, b, q1, g2 we define by, by such that

big; + b2g =b (mod qi1q2) (9.1)
holds, then

U(a,b;q1q2) = U(a,b;q:1)U (a,b; q2).

Proof of Theorem 9.1.

a) It's enough to prove: U(a, b;q) = U (b, a;q).

Indeed:

Ulabig = Y o * 00

0<x<q q
(z,9)=1

(—o)"
Sy (a(—w) - b'(—az*f)

0<z<gq q
(z,q9)=1

_ Z e<ay—|—by*>

0<y<q Y
(y,9)=1

— U(a'a b; Q)
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b), c) Similarly easy, HW.

d) Here the key is: With this property d), the study of Kloosterman
sums can be reduced to the case q = p“.

During the proof, we start from the following: if
def
z(u,v) = uqz + vqq

and w runs on a reduced residue system mod ¢;, and v runs
on a reduced residue system mod g2, then z(u, v) runs on a
reduced residue system mod q;qs.

So on the left-hand side

Ulabia) = Y o T2

1<z<q q
(z,9)=1

is included, where the summation for x means that = runs over

reduced residue system mod q;q». Instead of x we may take
— x(u,v), where u, v runs as above:

U(a,b; q1q2) = Z Z . (aw(u,’v) + bx(u, v)*)

1<u<q: 1<v<dqs 9192
(u’QI):l (’UaQ2):1

Here, by to the definition of *, *(u, v) is such that

z(u,v) x*(u,v) =1 (mod q1q>2)
uqgz + vqi
uqez™(u, v) + vq1z*(u,v) =1  (mod ¢i1qz)
ugex*(u,v) =1 (mod q,)
vqrx*(u,v) =1 (mod g-). (9.2)
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Thus, using this and b = by¢3 + b2g? (mod g¢1q2)
(aw(u, v) + bx(u, v)*)
e

q1q2
— (a(uq2 + vq1) + (b1q§ + b2qf)az*(u, U))
qd1q2
au av bigyxr*(u,v baqix*(u, v
:e< L 192z (u )_|_2Q1 ( ))

q1 q2 q1 q2

Here by (9.2):

g2z (u,v) =u* (mod q1)

qg1r*(u,v) =v* (mod @qs),

that is
, b , * bu* bov*
e(aaz(uv)—l— w(uv)>:e<%+@+ 1u+2v>
q192 a1 q2 a1 q2
(au -+ blu*> (av + bw*)
= e _ e e — .
a1 q2
So

au + bju* av + byv*
Ula,b;qigz) = ) e (—1> > e (—2>
0<v<q2

(U,(I1)=1 (U,(I2):1

= U(a,b;q1)U(a, b; q2).

After this, what is known about the absolute value of a Kloosterman

Theorem 9.2

a) For (a,p) = (b,p) = 1 we have |U (a, b; p)| < 2{/p.

b) ¥V a,b we have |U (a,b; p)| < 2/p(b,p).
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c) Incaseofa € N, a > 1, (a,p) = (b, p) = 1 we have
|U(a,b; p®)| < 3v/p°.
d) Va,b:
|U (a, b; p*)| < d(p™)+/p(b, p*).
e) Va,b,q:
U (a, b; q)| < d(q)\/p(b,q).
Proof of Theorem 9.2.

a) This is due to Weil, who used very deep, algebraic geometry,
we will not prove it.

b) 3 cases:

1. (a,p) = (b,p) = 1: same as a).
2. p | b: Then |U(a,b;p)| < p trivially. Right-hand side
2y/p(b,p) = 2p.

3.pla,(bp) =1

Ula,bip) = | 3 e<b‘”*>

)

S

T8
II.é\
-

c) Salié proved it elementary, we will not prove.
d) This follows from b) and c). HW.
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e) The multiplicative property of Theorem 9.1 + d). HW.

So far we have studied complete Kloosterman sums. Usually
handling incomplete exponential sums, estimation is much more dif-
ficult; usually only much weaker estimates can be given. 2 important
exceptions: Gauss sums (we will return this) and Kloosterman sums;
this is partly their importance.

Theorem 9.3 Ife > 0,q € N, g > qo(¢), a,b € Z and 0 <
v —u < 2q, then

d e <M> < ¢"/?* /{5, q).

u<zr<v q
(z,q)=1

Proof of Theorem 9.3. It can be deduced from the previous the-
orem; we will use similar technique in case of Pdlya-Vinogradov’s
theorem (see also Hooley [1, page 36].)
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10 Multiplicative characters

We have seen that there are two important finite groups in num-
ber theory: Z,, and Z* (= multiplicative group of reduced residue
classes mod m.)

We discussed the former; now we will study the group characters
defined on the latter. But for technical reasons, we will slightly modify
(extend) the original definition.

Definition 10.1 /fm € N, then a function x(n) : Z — C is called
multiplicative character if 3 a group character x, defined onZ}  such

that
_ x1(n), if(n,m)=1
x(n) = { 0, if (n, m) > 1.

(So, actually, the only difference is that if (n,m) > 1 then x(n) is
taken as 0.)

It could also be defined without group characters:

Definition 10.2 For m € N, a function x(n) : Z — C is called a
multiplicative character if

a) u,v €Z,u=v (mod m) = x(u) = x(v).
b) u,v € Z = x(uv) = x(u)x(v).

¢) (n,m) > 1= x(n) =0.

d) x(n) # 0.

The equivalence of the two definitions is HW.

Example. Let p be a prime. Then

% , if(a,p) =1
X(n):{§,> ifp | a.
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The following basic properties of the multiplicative characters
mod m follow from the studied properties of group characters (see
Corollary 3.1).

1. x(1) = 1.
2. For (a,m) =1, x(a)is a p(m) (= |Z} |)-th root of unity.

3. The character

)1, if(a,n) =1
xo(a) = { 0, if(a,n)>1

is the so-called main character.
Xx Is a character = % is also a character, where X (a) =

x(a) (= x(a™'))
X1, X2 are characters = xi1x2 is also a character, where

x1xz2(a) = xi(a)xz(a).
4. The number of characters mod m is ¢(m).

5.

¢ ) w(m), ifx =xo0
;X(“)_{o, it X # Xo-

) p(m), ifa=1
2 X(a)_{o, ifa # 1.

x (mod m)

Theorem 10.1 /fa,nq,n3,...,ny € Z, m € N, (a,m) = 1, then
1 t
{i: 1<i<t,ni=a (modm)} =——-> x(a)) x(n).
p(m) —
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Because of the studied properties of group characters, it is
enough to write Z* as a direct product of cyclic groups. By the
Chinese remainder theorem, for m = pi"'p5* - - - p& we have

* pr— * o o o *
7" = prlxl X X Zpg,,.

m

If Z;%. were always cyclic, i.e., there would be a primitive root for
vV p;*, we would be ready. Unfortunately, this is not the case. Two
number theory theorems follow:

Theorem 10.2 There 3 a primitive root mod m if and only if m =
2,4, p“ or2p*, where p > 2 is a prime.

Theorem 10.3 For o > 2 we have

Z;a = {—1}2 X {5}2a—2
Proof of Theorems 10.2 and 10.3. See “small” Vinogradov [2, 76-
78. page].

Using these two auxiliary theorems of number theory it follows that
the explicit form of mod m multiplicative characters is the following:

Theorem 10.4 Letm = 2°p{" ---p%, where2 < p; < +++ < py,

0<8,0< pB,...,8 Moreover let g; be a primitive root mod p;*.
Then x : Z,, — C is a multiplicative character modulo m if and
only if 3 integers ay, a3, by, . .., by such that
1, fa=0o0r1
0 S aq < C1 d:ef ’ . <
2, ifa> 2,
1 fa=0o0r1
0 S as S C2 d:ef ’ .
2072 ifax > 2
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and
0 <b; < p(p) —1,

moreover
a) for (n,m) = 1 define the integers k1, k2, 41, . .., L by
n=(—1)"5% (mod 2°), 0<k; <c, 0< ks <cy
n=g" (modp®), 0<¥ < p(P™),

then

C1

b, by
X(n)—€<k1—+k2—+£1 (" + e+ 4 kso( e )>
b) For (n,m) > 1, x(n) = 0.

Proof of Theorem 10.4. Davenport [1, 29. page], “small” Vino-
gradov [2, 80. page].

Definition 10.3 We call the character x mod m primitive, if 3 in-
teger my such that x, is a character mod m,, where my, | m,
my < m and forn € Z, (n,m) = 1 we have x(n) = xi1(n).
If, on the other hand, such m., x1 exists, then x is imprimitive, and

the smallest my with this property called the “conductor” of x, and
x itself is said to be induced by character x.

Remark.
1. According to Davenport, x, is neither primitive nor imprimitive.
2. If p is prime, then every mod p character x # xo is primitive.

3. Another possible definition: x imprimitive, if 3 my | m,
1 < my; < m such that the values of x(n) for n satisfying
(n.m) = 1 are periodic with period m.
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11  Gauss sums (part 2)

Definition 11.1 ifq € N and x is a character mod m, then the sum

700 = 5 xtmye (%)

m=0

is also called the Gauss sum.

Why?

We first proved that if p is prime and (a,p) = 1, then the absolute
value of the Gauss sum

S(a,p) = Zi_:e <w2%>
|S(a,p)| = VP

Consider the following Gauss sum S(a, p):

S(a,p) = pi e <w22>

x=0 p
p—1
a
=1+ Z e <w2—>
r=1 p
r?=(—x)’=y

counted 2x if (%):1,
counted 0x if(%):—l

-+ () )3
-5 (2)+ £ (%)< ()

=0, by (a,p)=1
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Let

Then S(a, p) is of the form
p—1 ya
S(a,p) = Y x(y)e (—) :
y=0 p

Here substituting ya = t (mod p) we get y = ta* (mod p),
where a* is the multiplicative inverse of a. That is:

S(a,p) = ]gx(ta*)e (%)
- x(a*>§x(t>e ()
= ><(a)1§x(t)e (%)

g

Considering this the
definition is clear.

Theorem 11.1 Ifm € N, x is a primitive character mod m, then

[T(x)| = v'm.

Proof of Theorem 11.1. We only prove if m is a prime p. Then x
being primitive means x # xo. Thus

TP = zx(@e (%) EX“’)‘? )

p

Son(E (2
! = x(b)
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= lezl x(ab*)e (

a=1 b=1

)

Let ab* =t (mod p), soa = tb (mod p). Then

rOF = 55 xe (")

t=1 b=1

S (2

g

~"

p, ift=1
0, ift#1

— xWp—1) + Y x()(=1)

=p—1+)> x(t)+x(1)

t=1
= 0.

In the following, we study a transition formula from a multiplicative
to an additive character.

Theorem 11.2 Ifq € N, n € Z, x is multiplicative character mod p
and

a) (na q) =1
or

b) x is a primitive character, then
qg—1 h
X)) = S x(h)e (n).
h=0 p
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Proof of Theorem 11.2. a)

X760 = x(m) 3 x(me ()
X(n*) "

- £ st (7)
= :Z:y(h)e (™),

where in the last line h = mn* (mod q) < m = hn (mod g).
b) More complicated, see Davenport [1, 65. page].
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12 The dual of Vinogradov’s lemma

Applying the transition formula studied in the previous chapter,
i.e., Theorem 11.2, we will prove the dual of Vinogradov lemma (see
Lemma 6.1).

For, as follows, there is a duality principle according to which, in
the case of certain theorems, additive characters can be replaced by
multiplicative characters, and products by sums, and vice versa, and
proofs are often convertible. Now we will see an example of this.

In Chapter 6, we proved the following in Lemma 6.1:

Theorem 12.1 (Vinogradov) Let (a,q) = 1,9 > 1 and

SES S c@mwe ()

=0 y=0

Qa

(i.e., if we write the additive character ¥(n) = e (;n) mod gq,
then S = 3, 3, &(@)n(y)¥(zy)), and let

q—1 q—1
S @ =Xo, Y In) = Y.
=0 y=0

Then
S| < (XoYoq)'2.

Particularly, if g = p is prime, then the condition (a,q) = (a,p) =1
in the theorem states that ¥ # ¥, (here, ¥(n) = e (%n)) Thus,
in this special case, we get:

The dual of the above theorem is::
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Theorem 12.2 (Gyarmati - Sarkozy [7]) /fp is a prime and x # xo
is a multiplicative character modulo p, then

p—1p—1

1S =D e@m)x(z + y)| < (XoYop)''?,

=0 y=0
where

p—1 p—1
Y @) = X0, Y In()? = Yo
=0 y=0

Remark. Both Vinogradov’s lemma and its dual above can be easily
extended from I, to any finite field.

Corollary 12.1 If p is prime and &£(x) and n(y) are characteristic
functions of certain sets A, B C Z,, i.e.,

1, ifzecA [, ifyenB
£(m)_{o, ifx ¢ A "(y)_{o, ify ¢ B,

then
< (]A|B|p)"2.

> ) x(a+b)

acAbeB
This theorem was proved by Erdés and Shapiro [4] in 1957.

We note that if x is the quadratic character, i.e., x(n) = (%) if
(n,p) = 1and x(n) = 0, if (n.p) > 1, then we get the following:

> (%)

acAbeB

< (|A||B|p)"/>.

The proof of Theorem 12.2. Since p is prime and x # xo, X IS a
primitive character. Thus, the transformation formula, i.e., Theorem
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11.2 can be applied:

X(m)7(X) = gw)e (n).

Since x is primitive 7(Xx) = /P # 0, so we can divide it by:

1 = h
X(m) = — > xwe (n).
(X) 1= p
That is, | S| can be estimated as follows:

—1p—1

;) Zoe(w)my) (% > xme (@ + y>§))
Zx(h) Zs(awe ( ) pfmy)e (yg)
pzlaswe( )Zmy)e( )|

By the Cauchy-Schwarz inequality:

5] < 7 (Z Zz;g(m)e< )|> N (Z

According to a previously studied Parseval formula (see (6.3)):

S| =

IT( )

-1

_\/_Z

h=0

1 2\ /2
pZ'n(y)e< >|>

y=0

1/2
1

p—1 1/2 p—1
S| < . ('pz Iﬁ(w)|2> ('pz In(y)|2)

_i 1/2 1/2
= \/ﬁ(PXO) (rYo)

e (PX0%)1/2 .

As we saw, for example, related to Diophantus’ problem (Chapter
8), a multiplicative problem (e.g. aa’ + 1 is always a square number
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if a # a’ and a,a’ € A) has an additive analog (a + a’ is always a
square number if a # a’ and a,a’ € A), and vice versa.

So if we have a statement for sums of type a + b, an interesting
question is whether the same can be said for ab + 1.

Thus, for example, it is an interesting question whether the esti-
mate of ’ng;}, P &(@)n(y)x(z + y)‘ can be converted to the

SRSl (@) (y)x(zy + 1)]? The answer to this
question is affirmative, i.e. the following is true:

estimate of

Corollary 12.2 (Gyarmati - Sarkoézy) I/f p is a prime and x # xo IS
a multiplicative character modulo p, then

S1= |3 e@m)x(@y + 1)| < 0X0)* (¥, + In(0)]),
where

p—1 p—1
S le@)P = Xo, > Inw)l® = Yi.
=0 y=1

Proof of Corollary 12.2. Basically, the proof is just that we apply
Theorem 12.2 with n(y~')x(y~!) in place of n(y) and then intro-
ducing the new variable z = z~! in the sum, we get the desired

result:
1S =D &@)n(y)x(zy + 1)
< ZZE(%) nW)x) x(@+y )+ ZE(%)H(O)&(})
PEOYEL ()= (2) = w0 =1
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17(0)]

> &(x)

Cauchy-Shwarz

p—1 1/2
< (pXo S (=) ) +
z=1

p—1
STl IxEH =1
a1 T

< (pXoY1)"? + |n(0)] (Xop)'/?
= (pX0)"* (" + In(0)]) -

Corollary 12.3 Ifp is a prime, A,B C Z,, 0 ¢ B, £(x) and n(y)
are the characteristic functions of A and B, then:

> ) x(ab+1)

ac AbeB

< (lA4||B]p)"/*.

| proved this last corollary in [6], and even earlier Vinogradov
studied the case x(n) = (ﬂ>

p

Speaking of additive and multiplicative analogies (the cases a + b
and ab + 1), we mention that Sarkézy in Theorem 6.1 studied the
solvability of the equation

a+b=cd,ac A, be B, ceC,deD, (12.1)
if A,B,C,D C Z, are large sets.
An interesting problem is the multiplicative analogue of the above:

Theorem 12.3 (Sarkozy [9], 2005) /fp is aprime, A,B,C,D C Z,
and we denote the number of solutions of

ab+1=cd, a€ A, beB,ceC,deD (12.2)
by N, then
| A||B||C]| D]
N — < 8(lAl|B|[c|[D])"* p"/* + 4p®.
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Corollary 12.4 Ifp is a prime, A,B,C,D C Z, and
|A||B[|C||D| > 100p°,

then (12.2) is solvable.

Proof of Theorem 12.3. The proof is HW, we only mention that it is
similar to the proof of Theorem 6.1, with the difference that for the
estimation of | >, >°, x(ab + 1)| we use Corollary 12.3.

Remark. Both (12.1) and (12.2) are special case of an algebraic
equation of type

f(ai,az2,...,a;) =0, a; € Ay, az € As,..., a € Ay,

where f(ai,...,ar) € Zpylai,...,ar] and Ay,...,A; are large
subsets of Z,. Jointly with Andras Sarkozy, we studied the solvability
of equations of the this type in [8].

The Weil theorem plays a key role in these results. The form of
Weil’s theorem for multiplicative characters is the following:

Theorem 12.4 (Weil) Let p be a prime, x is a multiplicative charac-
ter of order d modulo p, where d > 1 and the polynomial f(x) €
F,[x] has s distinct roots over the algebraic closure of ,, moreover
f(x) is not of the form cg(x)?, where ¢ € F, g(x) € F,[z]. Then

Z xX(f(x))| < (s — l)pl/2 < (degf — 1)p1/2.

zel,

Definition 12.1 The order of a character is the smallest positive in-
teger d for which x¢ = xo
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It follows from the Euler-Fermat theorem that if x is an arbitrary
character modulo m and (n, m) = 1, then

x(n)?™ = x(n?™) = x(1) = 1 = xo(n).

We also know that for (n,m) > 1 we have x(n) = 0 = xo(n).
So x¥(™) = x, always holds, i.e., the order of a character is always
< ¢(m).

In Weil’'s theorem, the condition f(z) # cg(x)? is important, since
if f(x) = cg(x)? and x is a character of order d, then

> x(f(@)]| =) x(eg(z)?)

zel, zel,

zclF,

=) X(C)xd(g(w))|

=1 > x(o

zclF,
g(z)#0

> p — degg.

We also note that in Weil's theorem, the polynomial f(x) can

be replaced by a fractional function %, namely, if g(x) # 0, then

1% e (z) = g(x)P~2, and SO

7@
3 X(M) _

g(x)#0

< (#number of distinct roots of f(x)g(x)) p*/?,

> x (F(@)g(x)"?)

zel,

provided that f(x)g(x)?~2 is not of the form ch(z)? (which is equiv-
alent with f(x) or g(x) is not of the form ch(x)? in the case of
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(fyg) =1).

In our joint papers with Andras Sarkdézy [7] and [8] we needed to
estimate the following character sums: | Zwer ZyG]Fp U(f(x,y))l,
where W is an additive character, and |Zm€]Fp ZyEFP x(f(xz,y))|,
where x is a multiplicative character and f is a two-variable polyno-
mial .

Sums of this type are most strongly estimated by Delinge [2], [3],
then Fouvry and Katz [5], however, during these estimations there
is a condition that f(x,y) is not singular, which unfortunately not
always holds in our special applications... As a result we had to use
weaker estimates where the conditions of the used theorem is more
flexible...

We also note that in our joint triple paper with Csikvari [1] we ex-
tended the problem from F, to N, Z and Q, but combinatorial tools
dominate in these cases.
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13 Is Weil’s theorem sharp?

Winterhof (slightly more general than below) proved the following
in[1, Lemma 2]:

Lemma 13.1 Let A C [, be an arbitrary set. Then

2

zclF,

2

S x(@+a)| = plA| - A~

acA

Proof of Lemma 13.1. Indeed,

2
Y D oxt+a)| => > x(@+a)x(z+0b)
z€lF, lac A z€F, a,bec A
2
=) Y  |Ix(@z+a)| + D> D> x(z+a)x(z+b)
z€F, acA g P a,be A xck,
g a#b
1, haxz # —a
0, haxz = —a
=pP-1A+ > > x(z+a)x(z+b)
a,be A zcF,
a#b
— -Vl X X x (2
a,be A zclF, T +b
a#b x#£—b

It is easy to see that as « runs over the elements of the set IF,, \ {b},
i—ﬁ takes on all values except 1. Thus:

2

D x@z+a) =@-DIA+ D> > x)
z€lF, lacA a&bigélzﬁff
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=(@-DIAl+ > (-1
a,bec A
a#b

= (p — DI[A| — |A| (|A] — 1)
= p|A| — | A%
The above theorem immediately has an interesting conse-

quence. In Lemma 13.1, take the set A of consecutive numbers:
A={1,2,...,N}. Then by Lemma 13.1:

2

zel,

2
= pN — N2,

> x(x+ a)

a=1

That is, there exists an = € F,,, say * = M, for which

2

N PV2
> x(M+a) 2N-—-—
a=1 p
N N2
Y x(M+a)| > |N—-—
a=1 p
M+N N2
> x(@)| > /N - —.
r=M+1 p

If p > 3, choosing IV to be (p — 1)/2, we get the following:

Corollary 13.1 Ifp > 3 is a prime, then 3 M & F,, for which

M+(p_1)/2 p _ 1 1 \/1—)
Z x(z)| 2 o T 1p > V2
r=M-+1 p 2

In the next chapter we will study how sharp this result is.

There is an even more exciting application when we test how
sharp the Weil's theorem in case of multiplicative characters (12.4
Theorem) is.
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For the sake of simplicity, let the order of the character x now be
p — 1 and f(x) = z¥ + m, where the degree of the polynomial
isk | p—1and k < p — 1 holds. Then f(x) is obviously not a
polynomial of the form cg(x)P~*. We will prove the following:

Corollary 13.2 Letp be anodd prime, k |p — 1,k < p — 1 and x
be a multiplicative character of order p — 1. Then 3 m € F, such
that for the polynomial f(x) = =* + m we have

> x(f(@) > (k= 1)p.

zclF,

In order to prove the theorem, it is only necessary to slightly mod-
ify the proof of Lemma 13.1.

Proof of Corollary 13.2. Let us now study the sum
2
ZwG]Fp ZaG]F;‘; X(CU + a’k)‘ .
2
YD ox@+a")] => 0 ) x(@+a*)x(z + bY)
z€lFp |acly z€lp a,bely
2
=> > [x@+ad) 4+ > > x(@+ad)x(z+b")
z€elF, a,bEF;’; d , a,bEF;’; zelF,
ak=b* e ak#£b*
1, hax # —a”
0, haz = —a*

For a fixed b Z 0 (mod p), there are always exactly k pieces a for
which a®* = b* (mod p). (Here we use that in the case of (¢, p) =
1, congruence ¥ = ¢ (mod p) can be solved if c(*~1)/(=1p) = 1
(mod p) and then the number of solutions is (k,p — 1).) Thus:
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2

=pP—-1%+ Y Y x(@+d)x(z+b"

a,bGF; zclF,
ak#£b*

T + ak
=pP-1%k+ > Zx( )
a,bEF; z€elF, T + bk
a®+£b* xF£—bk

2

zclF,

> x(@ + a¥)

aGF;

. k
It is easy to see that as « runs, % takes all values on the elements

of the set IF,, \ {—b*} except for 1. Thus:

2

2.

zclF),

> x(z + a¥)

aGF;

=pP-1%+ > > x()

a,bEF; yel,
ak;ébk y;él

=(pP-1)*k—(p—1)(p—1—k)
=(@—-1)(k—-—p+1)
> (p—1)p(k—1) +2. (13.1)

Note that for x = 0 we have

Y o x(@+d) => x(a*) =) xFa) = -1,

aEF; aEF; aEF;

since x* is a multiplicative character. Thus by (13.1):

2

> (p—1)p(k—1)+1.

2.

wEF;

> x(z + a¥)

aEF;

That is, there exists an « € F;, say « = m, for which

2

> x(m+a)

aEF;

> (k—1)p
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> x(m+d*) > \/(k—1)p.

aEF;’;

By writing « instead of a in this, the statement of Corollary 13.2
immediately follows.
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14 Polya-Vinogradov  inequality and
Vinogradov’s method for estimating
imcomplete character sums

In 1918, Pdlya and Vinogradov independently proved the follow-
ing:
Theorem 14.1 (Pdlya-Vinogradov inequality) 3 positive absolute
constant c such thatifm € N, m > 2, x is a multiplicative character
mod m, x # xo, M € Z and N € N then

M+N

> x(n)

n=M+1

< cv/mlogm.

Remark. The trivial upper bound for the sum is IN. Thus, the Pélya-
Vinogradov inequality is not trivial if N > /m log m.

We prove the theorem using Vinogradov’s principle, which re-
duces the estimation of imcomplete sums to the estimation of com-
plete sums.

Theorem 14.2 (Vinogradov) Ifm € N, z,y € N, (0 <)z < y <

m and ay, as, . ..,a, € C, then writing
F t) = . i
0= ae(2)
71=1
and

we get
m—1
Zan vmraly o Ly IOl
2m =1 HRH

where ||s|]| denotes the distance of s to the nearest integer.
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Corollary 14.1 (Vinogradov)

y

— 1
Z a, — &A < (logm + 1) max ) |F'(€)].
— m

1<<m—

Proof of Theorem 14.2.

)

aje I ——— —
~—

] vm ~ We separate

aje(—%")e(%) the term £=0

A

1 CAn 1 & (L n n 45
:E;;a@—l—ag nz:;pe<—a> jz:;ajtf:(m) .
= e RO
So:

y—x—+1 1 &S L
‘s— - Agm;;e(—m>‘|ﬂ2)|
Here:
y on 1 e( (y :1—1-1)2) 5
Z;e(‘m): 1—e(—%) 1—e(L)]

arithmetic progression with
common difference e(—£

Thenusing |1 — e(a)| > 4 ||a]| (see 2.1 Lemma):

()it ot
m /|~ 4l 2l

n=x
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That is

which is the statement of the theorem.

Proof of Corollary 14.1.

1 1
<2 - =2m ) 7 (14.2)
m 1<e<[m)/2]

where

Zl 1+Zl<1+/a1d 141
- = — —ar = og a.
¢ ¢ = | &

1<t<a 2<¢<a

This last inequality can be illustrated with the following figure:
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Writing this in (14.2):

Z_ Hz ‘ < 2m(1 + log[m/2]) < 2m(1 + logm).
£=1 m

Thus, based on (14.1):

Proof of Theorem 14.1.

Case A. Assume that x is a primitive character mod m. Consider
those n's for which
M <n< M+ N.

Thenby > | x(n) = 0 and the periodicity we get that the studied
sum on the middle intervals in the following figure is 0, while the
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terms in the first and last short interval can be shifted to the interval
(0,])]:

T T e e
N 0 o P Y v A P
M oam (aHm e bmo N

Thus the task is to estimate a following type sum:

> x(n)

where 0 < = < y, y — « < p (If the interval (0, p] has two disjoint

9

subintervals at the very beginning and at the very end, then we esti-
mate the sum on the complementary interval, while if the above two
intervals intersect, then it is enough to estimate on the intersection
sum, since > x(n) = 0.)

Using Corollary 14.1 with a,, = x(n) we get that

A:ZX(n)zo

and
< (logm + 1) max [F(£)|,

> x(n)

n=x

where, based on the properties of Gaussian sums (see chapter 5):

F©1= Y xe (2 )] = kOl < v
So indeed:

< (logm + 1)v/m

> x(n)
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M+N

> x(n)

n=M+1

< (logm + 1)v/m.

Case B. For imprimitive characters x: This can be reduced to case
A, see Davenport [1, 136. page].

Remarks. Polya-Vinogradov is almost sharp: log m cannot be com-
pletely omitted (see e.g. Corollary 13.1), at best it can be replaced
by a log log m. The first result was obtained by Schur in 1918, who
proved that for every primitive character x

N+M

> x(NV)

n=N

max
M,N

1
> —/m.
27

Here, we managed to reduce the constant % almost to % in the

case of a prime modulus in Corollary 13.1.

There are infinitely many characters with even sharper estimates.
Payley [3] proved the following in 1932:

Theorem 14.3 (Payley) There are infinitely many characters m and
X 7 Xo mod m for which

N+M

> x(NV)

n=N

> cv/mloglog m.

max
M,N

Assuming the generalized Riemann hypothesis in 1977, Mont-
gomery and Vaughan [2] proved the following:

Theorem 14.4 (Montgomery-Vaughan) 3 absolute positive con-
stant c such that if the generalized Riemann hypothesis holds, then
for m,N € N, m > 2 and multiplicative character x mod m,
X # Xo, M € 7 we have

M+N

> x(n)

n=M+1

< cv/mloglog m.
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15 Short multiplicative character sums
and the least quadratic non-residue.

The Pdlya-Vinogradov inequality: if x # xo is a multiplicative
character mod m and M € Z, N € N, then

N

> x(n)

n=M-+1

< cv/mlogm. (15.1)

Trivially
N

> x(n)

n=M+1
(since the absolute value of each term is < 1 and there are M terms

<N

in total). Thus, (15.1) is non-trivial only if the upper estimate in (15.1)
is < NN, i.e.,
cvmlogm < M.

What happens if this doesn’t hold, i.e., short character sums are
considered for which

N = o(v/mlogm)?

It is very important to be able to give a non-trivial estimate in these

cases, say a
M+N

> x(n)

n=M-+1

= o(N)

type estimate.

In the following, we present an application of this type of estimate,
namely we will study the estimate of the least quadratic non-residue.
This is one of the 5 — 6 most important problems in number theory.
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Definition 15.1 /f p is prime, then the smallest positive integer q =
q(p), with (%) — —1 is called the least quadratic non-residue.

The Pdlya-Vinogradov inequality immediately gives an estimate

for g(p). Indeed, applying (15.1) to x(n) = <%> M =0, N =

q(p) — 1 we get that
P
— p

n=1

< cy/plogp,

but for 1 < n < g(p) — 1 we have (g) =1, s0

q(p) —1 < cy/plogp
q(p) = O(v/plogp).
This estimate can be further improved by Burgess’ theorem [1].

But, before we get started, it's important to consider which type
of elementary estimate can be given for g(p).

Suppose that g(p) > +/p+1. Then [q(l;)w < q(p)+1 < q(p), so

[ﬁ] is a quadratic non-residue, since every positive integer value

smaller than g(p) is a quadratic residue mod p.

So(”

@1 q(p) is a quadratic non-residue. However

p= 7 a) < - = )] aw) < (2 o +1) atp) = p + (o)

(here we used that ﬁ is not an integer, i.e., Lﬁﬂ is strictly be-

y4 y4
tween ) and ao T 1).
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That is, the residue of (ﬁw q(p) (which is quadratic non-

residue) modulo p is strictly less than q(p), which contradicts of the
definition of g(p). So

q(p) <P+ 1

Even in an elementary method, we can go a little lower if we also
suppose that p is a prime of the form 4k + 1. Let

A=1{0,1,2,...,q(p) — 1},
and n be a fixed quadratic non-residue. Then in the set
A+nA={a+nada: a,a’ € A}
each element is represented only once. Indeed for

ai + naj = as + na, (mod p)

a1 — az = n(ay —a}) (mod p),
but here
ay—az, as—a; € {—q(p)+1, —q(p)+2,...,q9(p)—2,q(p)—1},
in which set all numbers except 0 are quadratic residues.

By the multiplicative property of the Legendre symbol
(%) -G (%57
b p b
1=(-1)-1,

which is a contradiction. There is only one exception, namely a; —

a, =0and a/, —a’ =0, i.e.,,a; = ayand a/, = al.
2 1 1 2
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That is, in the set
A+nA={a+na : a,a € A}

each element is represented only once. So |.A + n.A| = |AJ%2. On
the other hand
A+ nAC Z;,

thus

Al <p
Al < /P
q(p) < /p-

This concludes the section on the elementary estimation of the least
quadratic non-residue. But is it possible to say more than the above
with deeper tools? Then Burgess’ theorem helps:

Theorem 15.1 (Burgess) 3 ¢ > 0, such that if p is a prime and
N,r € N, N € Z, then

M+N 1 r4+1

S x(n)| < eN'rpaz (logp)-.
n=M+1

We do not prove this theorem here. The proof is based on Weil’s
theorem, i.e., the estimate of ‘Z%FP X(zc)‘.

Using this theorem we get:

q(p) — 1 < cq(p) =Y pr+V/4% (log p) /T
q(p)Y/" < prtV/A (log p) Y/
q(p) < p"tV/4" 1og p),
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soV e > 0 we have

a(p) = o (p"/**).

This estimate can be improved using Vinogradov’s method [3].

Theorem 15.2 (Vinogradov) /f ‘zﬁiﬁﬂx(n)‘ — o(N) hols for

some N, then fore > 0, M > M,(e) we have
q(p) < M7
Corollary 15.1
Pélya-Vinogradov: M = p'/21% — q(p) K p%\/@Jrs.

Burgess: M = p'/4t0 = q(p) K p=e'®

for alle > 0.

Proof of Theorem 15.2.

Lemma 15.1

1
Z— = loglogx + ¢ + o(1),

p<z

where c is the Meissel-Mertens constant.

Proof of Lemma 15.1. This lemma is the Mertens’ second theorem
[2], we will not prove it here.

Similarly to the Pdlya-Vinogradov inequality, we estimate a short

character sum with
) (2) if(n,p) =1
0 if p | n.
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By the conditions of the theorem we have

w52

g

:M—Z‘{n: 1<n<M, <3>:—1}‘
A\ p J/

3 r prime such that » < n,

(;_)) = -1, r|n,
by the definition of q(p)
g(p) <r<n< M

>M—-2 Y |{n:1<n<M,r|n}

q(p)<r<n
r prime
M
> M — 2 —
2 2 5
q(p)<r<n
r prime
1 1
=M|1—-2 - — —
PDD Dl
r<M r<q(p)
r prime r prime
1
=2M (5 — (loglog M + c+ o(1)) + (loglog q(p) + ¢ + o(1))>
1 log M
=2M (— — logL + o(1)> .
2 log q(p)

Then we prove the theorem indirectly. We assume that
a(p) > MYVVere,

Then




1 log M
>2M | — — log

2 log q(p)
> oM 1 1 log M
- 2 8 log M1/Vete
>2M<1 log ——— )

__0 -
- 2 gl/\/E—l—s

<1
M
2
1

> 2M (5 + log(1/+/e) + log (1 + sﬁ))

= 2M log (1 + s\/E)

constant >0

# o(M).
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16 Large sieve

This method was discovered by Linnik in 1941 while studying
the distribution of quadratic non-residues. Later, Rényi (1947-1950)
generalized Linnik’s method, systematically studied and proved the
following famous result:

Theorem 16.1 (Rényi) 3 an integer k such that V n € N can be
written of the form
p+ Py, =mn

where p is a prime and Py, is a product of < k pieces of primes.

This theorem is a partial result on the way to solving the Gold-
bach conjecture. Rényi did not calculate an explicit k, but it was later
determined: Barban kK = 4, Bombieri kK = 3, and finally Chen [3]
k =2forVn > n,.

During the development of the large sieve, Roth, Bombieri, Dav-
enport, Halberstam, Montgomery and Gallagher made significant
progress.

The analytic form the large sieve was first formulated by Daven-
port and Halberstam.

Theorem 16.2 (Analytic form of large sieve) Suppose M € 7,

N € N, apt1,an425---samyn € C, X = {z1,...,zr} € R
suchthatforl <i: < j < R ||z, — x;|| > delta >0. Let

M+N

S(a) = Z anre(na), (16.1)
n=M+1
then
R 1 M+N
D 18 (@)|* < (- + WN> > lanl® (16.2)
, 0
1=1 n=M+1
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Remark. If the {x;} is uniformly distributed on the interval [0, 1]
such that § = + and N < R, then (16.2) says:

M+N
—Z|S(wz)| < Z an|?
N =M+1
Rlepann sum for by Parseval formula
Jo1S(e)]"dex =[11S () [*dex

The theorem states the following: a “quite fine” Riemann sum
can be estimated from above by the constant multiple of the integral.

Selberg (see e.g. [8]) improved the estimate of the large sieve by a
constant factor, proving that

R 1 M+N
SIs@)l < (3+N-1) 3 lal (163
1=1 n=M+1

is also true.

Proof of Theorem 16.2. Gallagher's idea [5] is the following:
S(a)|*is close to L [27/%|S(3)]* dg.

The relation between the two expressions can be expressed using
S(B) and S’(3). In order to do so, we use a “Sobolev-type” inequal-
ity [10]:

Lemma 16.1 /7 f(x) : [0,1] — C has a continuous first derivative,
thenfor0 < x <1

£ ()| s/o (£ @) + | (¥)]) dy (16.4)

1(3) < [ (r@n+3r@i)a s
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Proof of Lemma 16.1.

Statement 1.
1 x 1
— d (u)d 1) ' (u)du.
f@ = [ f@dut [ uf@de+ [ (@=1f @du
Indeed, written the last integral in two parts:
1 x 1 1
d (w)d '(w)ydu— [ f'(u)d
| s u+1) uf!(u) “f/w“f(“)"f | 7w
Jo uf (w)du=[uf(u)]i— 5 f(u)du
= / f(w)du + [uf (W)} / £ (w)du — / £ (u)du

= [uf(w)]} / £ (u)du

=f(1) = (f(1) = f(=x))
= f(z).

In order to prove (16.4):

(@) < (u)du‘ +

[ s wau + (- D (Wi

< [1r@laus [Tplir@idu+ [ =115 o
(16.6)

First of all, we note that on the interval [0, 1] |u| and |u — 1| < 1, s0
due to (16.6)

s@ls [ is@idu+ [C15eldus [ 15 @)
=/01|f(U)|du+/01|f’(U)|du,

which proves (16.4).
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To prove (16.5), let’s substitute « = 1 in (16.6). Then

1 1 1/21 ) 11 .
£(3)| < [ relans [ irlaus [ il

1 1 1
= [ 1r@ldu+ [ 15 @] du
0 0
which completes the proof of the lemma.

In the proof of Theorem 16.2, we can assume that M =
[—3(N +1)].

def

To see this let M’ & [—%(N +1)], and @}, ; = anr+s. Then

+2

M+N

|S(x,)| = Z ane(nx,)

n=M+1

=D amie((M + i)z,

1=1

N
=) antie(M' +i)z,)

1=1

N

— Z ahyye((M' 4+ i)x,)
i=1

M/+N

= Z al e(nx,)

n=M’+1

Furthermore:
M+N M'4+N

Z |an|2 = Z ’a;‘z

n=M+1 n=M'+1

That is, if we prove the theorem for this M’ = [—1(IN + 1)] and
arbitrary a’’s, then by the above re-indexing we also proved it for all
M and a,,’s.
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Next, we would like to estimate |S(xz;)|* on the interval
I, =[x, —6§/2,x, + §/2]. Let

g(x): [z, —6/2,2, + /2] - C
be a function that has a continuous derivative. Write

f(x) = g(dz + (zr — 0/2)),

where x € [0, 1]. Then

(3 =l Gt (e =3) )| oo
< [s@iaet [ 1@

1 (5 + 6>‘d 4 11‘5’(5 4 5)|d
T+ x, — — x — €T, — — x.
g 2 0o 2 g v 2

Substitute y = dx + =, — 3

Limits of the integrand:

r=0=> y=x, — =
Y 2

)
r=1= y:wr—i_E'

Thus:

2,46/2 z,+5/2 1
g(z,) < / o |g<y>|—dy+ / —|6g (y>|—dy

1 T +6/2 :Br—|—5/2 )
=5 o@ldy g [ e w)ldy,
r,—0/2

Using this inequality for g(x) = S?(x):
0 1 T, +6/2 Tp+6/2
Sl < 5 [ ist@)Pdact [T 188 (@) de.
x,—06/2
(16.7)
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According to the condition of the theorem, the intervals [z, —
0/2,x, + 0/2] are disjoint modulo 1. Using that S(«) is periodic
with period 1, we get that

R T, +0/2 x,+08/2
> (%/ |1S(a) | da+/ |S(oz)S’(a)|da)

r=1 r—0/2

1 ! 2 /
sg/o 15()] da+/0 5(e) ' ()] der.

That is, adding the inequalities in (16.7) forr = 0,1,2,..., R:

R
2 1 ! 2 ! ,
> Iste) ng) S(a) da/+\/0 (@) do

VvV Vo
Parseval formula Cauchy-Schwarz

MAN 1 1/2 L 1/2
> Ian|2+</0 IS(a)I2da> (/0 IS'(a)Izda>

n=M+ / N /

Q)II—\

~” N

Parseval formula Parseval formula

1 MAN M+N /2 / ppa N 1/2
D ONEN (b SIS R (b SR B

n=M-+1 n=M+1 n=M+1

IA

We use here that we may assume M = [—1(IV + 1)]. In this case
n€[M+1,M+ N]C[-N/2,N/2], |n| < N/2, so in the last
parenthesis:

M+N M+N 2
> 2minan* < >0 20 || a/’
n=M+1 n=M+1
M+N
N2 Y aal?,
n=M+1
that is
R | M+N M+N 1/2 M+N 1/2
PEICOESEY |a,,|2+< > |an|2) <w2N2 2. Ianlz>
r=1 n=M+1 n=M+1 n=M+1
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1 M+N
§<E+WN> D> anl®.

n=M+1

This proves the theorem.

Corollary 16.1 We define S(a) as in Theorem 16.2. Then for all

QeNQ>2
M+N
YY) 1S(a/P < (@ +aN) D anl*.
q<Q 1<a<q n=M+1

Proof of Corollary 16.1. We prove that the conditions of the theo-
rem holds for the set

a
X:{E aaq€N+aqgQ91SGSQa (aaq)zl}

and § = é since this set X is § = é-”spaced”: i.e., let g,% € X,

(a;q) = (byr) =1, ¢ # 2. Then we know

a b
0< |- —~
qg T
and0<§,$§1,thus
a b
- — - <1
qg T

On the other hand define ¢ € Z by

a bl J|ar—gb| c
g v g  qr
then
a b




So

a b a b 1 2 3 qr — 1
- — || = - — = € 9§y ’
q r q r qr qr gr qr
thus
a b 1 1 1
2z >—> .
q QQ  Q

Applying the theorem to X and 5, we get that

Sis@r=% ¥ |s(%)

2

zeX q<Q 1<a<q
(a,Q)
1 M+N
< |(=4+7wN an2
< (5+7N) PO
n=M+1
M+N
S<Q2—|—7TN) Z lan|?.
n=M+1

Theorem 16.3 (Arithmetic form of the large sieve) Let M € 7Z,
Q,N € NN M C {1,2,...,Q} such that m,m’ € M, m #
m' = (m,m’)=1,andlet AC {M+1,M+2,...,M+ N},
def
Al
Z(m, h) = > oL

a=h (mod m)
acA

Then
D m (Zz(m h)—z) <(Q*+7N)Z.
meM h=1

If we choose M = {p : pprime, p < Q} in the theorem, we
get the following:

Corollary16.2 If M € Z, QN € N, A C {M + 1,M +
..M + N}, Z, Z(m, h) are defined as in Theorem 16.3 then

dop (Z Z(p,h) — —) < (Q*+nN)Z.

p<Q h=1
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Remark. Suppose that for a positive percentage of the primes

p < Q and a positive percentage of these residue classes modulo
p are forbidden.

If h is a forbidden residue class modulo p, then

(Z(p, h) — 5) _Z

p p?’
from which

Zp<zz(p,h)—> >3 pZ*Z—2

p<Q h=1 p<Q h

>>Zp—

p<Q

>Z2Z 1

p<Q

> Z7mw(Q).

Thus it follows from Corollary 16.2 that

Z’m(Q) < (Q*+mN)Z

Q*+7N Q>+ N

— L ——.
7(Q) m(Q)

Montgomery [7] proved a slightly sharper form of the large sieve.

z KL

Theorem 16.4 (Montgomery, 1968) Let M € Z, Q, N € N, Q >
2AC{M+1,M+2,...,M+ N}, and let |A| = Z. Assume
thatV p < @Q 3 w(p) pieces of residue classes modulo p that does
not intersect A. Suppose w(p) < p. Then

Q*+ 7N

9

z <

where

L—Zu(q)H @)
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We do not prove Theorem 16.4, but we do prove Theorem 16.3.

Proof of Theorem 16.3. We will use the following identity of Parse-
val type.

Lemmai16.2 If m € N, by,by,...,b,, € C, Fla) =
> one bre(ha), then

F <—> =m |br,|2.

Proof of Lemma 16.2.

F(Q _ b4mg U%ﬁ—)
m m _m k
DM (CEEY
h=1 j=1 k=1 J

m, ifh=j
0, ifh#yj

m
=m ) [baf*,
h=1

which completes the proof of the lemma.

Apply the lemma with b, = Z(m,h) — Z and let S(a) =

” (om)

> wcae(aa). Then by the lemma

m

mg:l (Z(m,h) — %)2 =)

k=1

2

(16.8)

Here



-3 stm e (1) - 25 ()

< k:) Z | m, ifm|k
= ela— ) ——
e m m | 0, ifmi{k
Al — Z =0, ham | k
S (&), ham t k.

m

Thus, by (16.8):

mg:l (Z(m, h) — %)2 = m;4g S (%) 2 (16.9)

Since if m # m’ € M we have (m,m’) = 1, then for m # m/
or k # k' we have % #+ 7’;— Thus, writing g (where (a,q) = 1) in
place of % on the right-hand side of (16.9), we get that

mé(Z(m,m—i)zgz S IS(a/a)l?

q<Q 1<a<q
(a,q)=1
By Corollary 16.1
m 7 2 M+4+n
my (z<m, h) — —) <@ 47N Y adl?,
m
h=1 n=M+1
where now
1, haa,c A
a, =
0, haa, ¢ A.
Thus

mé (Z(m, h) — %) < (@ +=N)Z,

which completes the proof.

It can be deduced from Selberg’s estimate (16.3) that the con-
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stant factor 7 in 16.1, 16.3, 16.2 and 16.4 can be omitted from these
theorems and corollaries. However, within the framework of this lec-
ture note, we only use the present (slightly weaker) versions of these
theorems and corollaries because of their shorter proofs.

A simple application: let
P(n) e m|ax p.
pln

p prim

Theorem 16.5 (Balog-Sarkézy [2]) If N > N,, A C
{1,2,...,N} and

Al > 33NY21og N, (16.10)

then3 a,a’ € A, such that

) |A|
P _A 16.11
(@+a) > s log N (16.11)

Remark. What does this theorem state? For such an a + a’, write

P(a + a’) = p, a%}—)a’ = m. Then

a+a N+ N N
m = + |—.A|_| = 667 log IN.
p 33log N | |

If, say, (16.10) is true in the much sharper form, i.e., |.A| > €N, then

N 66
m < 66— log N < —log N
| Al €
and
| A| e N

> —— > — .
P 33log N 33log N
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That is, then a + o’ = mp, where p is “very large” and m is “very
small”, so the sum a + a’ is “close” to a prime.

An interesting question might be the case a+a’ = prime, it turns
out there is no such theorem, let A = {n : neven, n < N}. Then
V a+ a’iseven,V a+ a’is composite.

Proof of Theorem 16.5. We prove this indirectly. Suppose that in
contrast with (16.11), V a + a’ we have

|A| —‘ def |
33log N
ThenVp > tfora,a’ € Apta—+ a,sothat

P(a+a’) < [

a+a Z0 (modp) (Va,a’ €A, p>t)
a Z —a’ (mod p).

Let v(p) denote the number of residue classes mod p intersecting
A

vip)={r: 0<r<p, da € A, wherea =r (mod p)}|.

Then

A :  v(p) different residue classes | Together, they
—A : v(p) different residue classes | are all different.

Thus

v(p) +v(p) <p

v(p) < 1—2)-

So A does not intersect at least p — v(p) > % residue classes
mod p. Thus forV p > t:

S= ). pzp: (Z(p,h) —%)2

t<p<2t h=1
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Vv

£y X (0-3)

t<p<2t 1<h<p
Z(p,h) 0

= > p— > 1 (16.12)

p2
t<p<2t 1<h<p

Z(p,h)=0
> P
- 2
Z2
> — 1
> 2
t<p<2t
Z2
= 5 (m(2t) = 7 (1)) (16.13)

Here by (16.10)

| A 33N'/21log N
— _ = N1/2 — OO,
33log N 33log N
as N — oo.
By the prime number theorem, 7(z) ~ =— as * — oo. SO

r(2t) — m(t) = (1 + 0(1))i (14 o(1)——

log 2t logt
t
=(1 1)—,
(+ o)
that is
w(2t) — mw(t) > , IfIN > Np. (16.14)
2logt
Then by (16.13) and (16.14) we have
zZ? t
S > . . (16.15)
2 2logt
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On the other hand, by the arithmetic form of the large sieve (see
Theorem 16.3):

S= ) pr: <Z(p,h) _§>2

t<p<2t h=1

< ) pi (Z(p,h) - %)2

p<2t¥q =1
<(Q*+wN)z

< 4(t* + N)Z. (16.16)

Thus by (16.15) and (16.16):

1 t
~z? <S<4(t*+ N)Z

4 logt
log N
Z < 16 Ogt (t2 + N). (16.17)
By (16.10):
2 1/2 2
1 33N "/“log N 2
2 — [ﬂw > | — 08 — [Nl/ﬂ =N
33log N 33 log N

(16.18)
By (16.17) and (16.18):

log N

Al

Z < 16 _ A
33log N

. 2t> = 32tlog N = 32 [ log N]

A| ) 32
< 32(1 — JogeN | =—|A loeN < |A| =2
(+3310gN . 1A +log N < |4 = 2,

which is contradiction.

Remark. The theorem can be extended from sums a + a’ to sums
a + b, and then a similar theorem can be proved. The following
results also due to Balog and Sarkdzy [1], [2]:

lfe >0, N > No(e), A, B C {1,2,...,N}, |A|, |B| > &N, then
da € A, b € B, such that
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1. P(a+b) >c(e)N (= a+b=pO(1)).

2. dp: p?|a+0b, p> > (e)N

3. P(a +b) < exp(c’(e)vIog Nloglog N) i.e., “small” =
Ne@),

There exist many similar theorems for dense sets A, B, where
by the statements there is a sum a + b that has certain arithmetic
properties.

Recall the following corollary of the analytical form of the large

sieve:
M+N
>N | S(a/q) P< (@ +7N) Y adl*.  (16.19)
qSQ 1SaSq Z a e(ng) n=M-+1

Since there is a duality between additive and multiplicative charac-
ters, we hope that 3 a multiplicative analogue of the above corollary.
Indeed:

Theorem 16.6 (Gallagher [6]) IfQ € N, Q > 2 then

q . M+N 2 M+N
— Y Y anx(n)| <(Q@*+7N) > aal’
7<0Q ©(q) x primitive | n=M+1 n=M+1
character modgq
(16.20)

Proof of Theorem 16.6. We would like to derive (16.20) from
(16.19). Thus, we have to switch from additive characters to mul-
tiplicative characters, for which we use a translation formula, see
Theroem 11.2. By this theorem, if x is a primitive character mod q,
then

X —q_l_ e nE
K70 = 3% ( q), (16.21)
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where 7(x) is a Gauss sum:

T(x) = Y x(a)e (g)

1<a<gq

We also studied (see Theorem 11.1) that for a primitive character

()| = V4
So by (16.21):

Xm) =~ :z:;l)x(h)e ().

Thus, for a primitive character x:

a,x(n) = a,——~ » X(h)e (n—)
n=M+1 n=M+1 T(X) h=0 q
1 qg—1 M+N h
=—— ) _x(h) ane (n—)
T(X) i;) n=%[3+1 q
qg—1 h
- Z x(h)S <_>
X) =,
That is, the left-hand side of (16.20):
q . M+N 2
—— ) > anx(n)
qngo(q) X primitive n=M+1

character modq

q *
q<Q QO(Q) X prizmitive | ( )|
character modg —q svlnce

X is primitive

2

|Zx(> (2)]-

Here on the right, V term is > 0, so we get an upper estimate if we
also take the non-primitive characters, i.e.,
2
= Bl

QSQLP(q) X primitive

character modgq

M+N

> anx(n)

n=M+1
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<D o 2=

= 90(61) vall Pt

B qu;? 90(61) %:,;)X(h)s ( ) ZX(k)S ( )
since x(k) = 0, if (k,q) = 1 and x(h) = 0, if (h,q) = 1 igy

-y Ly v ov x(h)x(k)5< )@

q<Q Qo(q) x 0<h<q 0<k<q (h k)

S s (1))

(h,q)=1 (k,q)=
k
> Y s ( ) S (—) > x(h*k)
7<Q go(q) 0<h<q 0<k<q 4/ 5
(h,q)=1 (k,q)= —
v(q), ifh*k =1 (q)
< h=k
0, ifh+#k.

:LZ

=0 ?@) 0<h<q

=2 2

5(3)

2

q<Q 0<h<q
(haQ)
M+N
<(@+7N) Y
n=M+1

This completes the proof of the theorem.
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17 The reverse of the large sieve

Recall the large sieve: A dense set of integers is uniformly dis-
tributed in almost every residue class for almost every modulus.

On the other hand, Roth [4] proved that this distribution cannot
be excessively uniform, i.e., 3 is a residue class whose elements are
either much more or much less in the studied set than expected.

Later, Roth [5] also proved the following:

Theorem 17.1 Let k be a positive integer and suppose that N >
(10k)7. Then, for the sequence of real numbers si, sz, ...,8n We
know 3n, q € Z*, for which

1<n<n+(k-1)g<N

and
1/2

k—1
E Sn+iq

1=0

kN
> —g |2
= 10Nj:1|33|

In [6], Sarkdzy developed some modular analogues of of Roth’s
general results. However, in these generalizations, a slightly modi-
fied and more precise form of the above theorem was required. This
more general theorem was the following:

Theorem 17.2 Let N,Q € N, Q > 2, s1,82,...,8ny € C, Q1 =
[%} and s; ) if5 < 0orj > N, moreover forNn € Z,q,k € 7.t
let
def
D('I’L, q, k) = Sp + Sn+q + Sn+42q + e+ Sn4-(k—1)q-*

Then

Q N 9 9 N
>, Y. ID(mn,q,Q)> (;Q1> > lsml® (17.1)

q=1 n=1—(Q1—1)q
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In this chapter, following Sarkdzy’s original calculations, we prove
Theorem 17.2 and also see how Roth’s original first question (see
later Corollary 17.3) follows from this theorem. But before this, we
see some important remarks and corollaries.

Remark. Typically s; + s34+ -+ + sy = 0 = s, 4+ Spiq +
~++ + Sptk—1)q IS also expected to be 0, or at least * ‘small”
= |D(n, q, k)| measures its standard deviation from the expected
value, this is the discrepancy. So the theorem says: the standard
deviation of the discrepancy is large.

Some corollaries:

Corollary 17.1 3n € Z, q € N such thatq < Q and

9 o\ —1/2 / N 1/2
|D(n,q,Q1)| = = [%] Q1?2 (N + %) (Z |sm|2) .

m=1

Proof of Corollary 17.1. Write

def
M # max |D(n, q,Qu)l.

Here we have to prove that M > than the right-hand side of (17.2).

For the left-hand side of (17.1):

= M?*> (N +(Q1 — 1)q)

q=1
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Q
= M? <NQ+(Q1—1)Zq)

q=1

o (92
SM2Q<N+ (g—\;) <§+;>)

<3
2
< M*Q (N + @ i
Q2
< M?Q <N + T) . (17.3)

(17.1) and (17.3):
wa(v+ %)z 22§

Dividing this by Q (N + %) and taking the square root, we get
(17.2).

We get the best estimate for max,, 4.0 |D(n,q,Q1)| if @ < vV N.
Namely, if Q = [\/N}, then by Corollary 17.1:

Corollary 17.2 Ife > 0, N > Ny(e), N € N, s1,82,...,8y € C
= 3dn € Z, q € Z* such thatq < /N and

N

D0, [VR/2)| 2 () (Zm—l's’"'> N4,

N

Proof of Corollary 17.2. Now Q = {\/N] Then the right-hand
side of (17.2) in Corollary 17.1:

~1/2 / N 1/2
1+ o(1) (—@N v (v + ) (Z |sm|2))
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1/2
2 N s, |2
(e (Bl g

Then from (17.2) and (17.4) follows (17.5).

After this, we will study the special case originally studied by Roth
[4].

Corollary 17.3 Fore > 0, N > Ny(e), A C {1,2,..., N}, write
n =1 and A(u, q,t) € |{u,u+gq,...,u+ (t—1)g} N .Al, then
Ju,q,t such that {u,u+q,...,u+ (t —1)q} C {1,2,...,N},
g < N and

A, g, 8) — nt] > (W%g _ ) Vi@ —mNY4.  (17.6)

Remark. This is a reverse of the large sieve: at least one arithmetic
sequence exists with the irregularity of order v/ N.

Proof of Corollary 17.3. We use Corollary 17.2 with

n, handé A, 1<n<N
sn=1{ —(1—m), hane A, 1<n<N
0, han < 1vagy n > N.

Then, by Corollary 17.2 3 n, q, g < IN, for which

|D(n,q, [VIN/2])| = |sn + Sntq T Sn+([\/ﬁ/2]—1)q|

1/2
2 Zﬁ:l |S$m|? 1/4
> | —=—c¢ N/,
/5 N

(17.7)
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In principle, it may happen here that our arithmetic sequence
n,m + q,...,n + (/N /2] — 1)q extends beyond the interval
[1, N], in which case we discard those s;’s, for which ¢ ¢ [1, V]
(then s; = 0), i.e., only 0 are discarded. We keep the intersection.

{U’U+Qa au‘i‘(t_l)q}(j_ef

{n,n+q,...,n+ ((VN/2] — 1)g} N {1,2,...,N}.

Then
[VN/2]—1
D(n,q,[VN/2]) = > snijq
j=0

t—1

= Z Su+tjq
j=0

= > n+ > -(1-n
0< <t 0< <t
u+jqg.A u+jqeA

=nt — A(u,q,t). (17.8)

While the right-hand side of (17.7)

1 & , 1

NmZ:l|8m| =N Z n* + nEZA (1 —mn)?
= % ("72(N —nN) + (1 —n)°nN)
=n(1—mn) 0+ 1 —n))
=n(1 —n). (17.9)

Thus from (17.7), (17.8) and (17.9) follows (17.6).

Proof of Theorem 17.2. We will use the generator function method,
which was introduced by Euler.
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In the case of generator function methods, we usually assign a
function S(«) to a sequence sq, s2,... (here S(a) is typically a
polynomial or power series). Next, we study the analytic properties
of S(a) and derive certain arithmetic properties of the original se-
quence from this:

sequence — generator function anaysis analytic properties —

— arithmetic properties of the sequence

So let’s look at the studied squence in the theorem: s, s2,...,8N
and assign a polynomial

N

S(a) « Z spe(na)

n=1
to the sequence. Then we use the complex version of the so-called
Fejér kernel: for M € N let

M-1

Fu(a) € Y e(ja).

=0
Then the (complex) Fejér kernel is | Fas ()|

Lemma 17.1 lfa € R, |a| < 55, then |Fy(a)| > 2M.

Proof of Lemma 17.1. If a = 0, then the lemma is trivial since

We also know that Fy(—a) = Fy(a), ie., |Fy(—a)l =
|Far(cr)|. So, during the proof, we can assume that 0 < a < 1.
Then Fj;(«) is a geometric sequence with quotient e(a) # 1, so

1—e(Ma)|?

1—e(a)
116
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Here, both the denominator and the numerator are the form |1 —
e(3)|?, where

1—e(@)* =1 —e(B)1 —e(B))
= (1—e(B)(1 —e(—P))
=2 — (e(B) +e(—=0))

= 2 — 2Re e(PB)

=2 —2cos2mf

= 4sin’® 703,
that is

, 4sin®’ Mra sin Mma|?
|Fp(e)]” = — = |—

4sin“ T sin To

Next write
sin M x
f(x) = —;
sin x

(where now M is fixed).

Statement. The function f(x) is monotonically decreasing on the
interval (0, 57-].

Then we have to show that f'(z) < 0. Indeed, for x = 7 this is
trivial, and for 0 < = < 33;:

M cos Mxsinx — sin Mx cosx

f(x) = —
sin“ x
cos x cos M x (Msinaz sinMa:)

sin? x COS & cos Mx

cos x cos M x

= 5 (M tanx — tan Mx) .

sin“ @

Here the first factor is <=Lz > 0, since 0 < z < Mz < 7,
while M tan x — tan Mx < 0, since if we plot the tangent function
we get the following figure:
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tan Mx
|
|
|
) L/
|
M tan x

|
|
fan x |
1 | 1
| |
| |
| |
| |
| |
| |
&

x Mx /2

i
[EEY

/

By the convexity, the function x = tan « (blue curve) is above the
line connecting the origin with the point (x, tan ) (red line) on the

interval [z,Z). (By the convexity we have 2I=tah0 < tan’z <

tan Mx—tan x )
Mx—x )

So M tanx < tan Mx, which completes the proof of the state-
ment.

By this statement for 0 < = < ;7 we have

T sin M ;= 1 1 2
f(%) Z f (—) e - ﬂ_ZM = — - > — = — M.
2M Sin M Sin M DY iy
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sinxe < x
That is
Fai(a)| = [f(rlal)] > 2 M
a)| = 0! —
M 0 = - ’
here 0 < mla| < ——,
2M

which completes the proof of Lemma 17.1.

Let Q. & {%} (as defined in the theorem) and

def

Q
G(a) =) |Fo,(qo)|”. (17.10)

q=1

Lemma 17.2 For all o« € R we have
2 2
G(a) > <—Q1> .
T

Proof of Lemma 17.2. By Dirichlet’s approximation theorem, if a €
R,Q € N,thendp € Z, g € N, for which ¢ < Q, (p,q) = 1 and

1
SHEE
q qQ
from which
1 1 1
lga — p| < < = . (17.11)

By Lemma 17.1:
Q
2
G(a) =) |Fa.(qo)|*.
q=1
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We keep a single g from the sum, the one for which (17.11) holds.
Then

G(a) > |Fq,(9a)|” = |Fo,(qe — p)|*.

Here we can use Lemma 17.1 with M = Qq, since |ga — p| <
So:

2Q1
G(a) 2 <§Q1> 2 :

Then consider the function

7 [ Is(@)lc(@)da,

where |S(a)|? is the Jensen function, and G(«) is the weight func-
tion defined in (17.10). Then we can give the following lower esti-
mate for J:

J > (min G(a))//()l |1S(a)|*da > ( )2 i |sm|?. (17.12)

m=1

Lemma 17.2

On the other hand, J can be calculated using the Parseval formula:
1
J = / 1S(a)|? G(a)dox
0

1 Q
— / S@) Y |Fa. (qe)[? dax

Q 1
— Z / 1S (e) Fo, (q) |* da

0 2

Q.1—1

ane(na) Z e(jqa)| da

q=1
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N Q-1

> s el(n+ja)a)

2
do.

=§}/01

Substitute m = (n + jq) in this formula. Then n = m — jq, i.e.,

2

Q 1 |[N+(Q1—1)q Q11
J = Z/ Z Z Sm—jq | e(ma)| da.
q=1"9 j=0

m=1
A

D(m_q(Q\;_l)’anl)

By the Parseval formula:

T =

Q N+(Qi—-1)q
q=1

>, IDOm—a(Q—1),q,Q).

m=1
Then we substitute n = m — q(Q, — 1):

N

J=Y >  |D(mqQ).

So by (17.12):

Q N 9 2 N
Z Z ID(n,q,Ql)lzz<;Q1> |sm|?,  (17.13)

q=1n=1—q(Q1—1) m=1
which completes the proof of the theorem.

Question. How far is Roth’s inequality, i.e., (17.13) from the best
possible estimate?

For simplicity, consider Corollary 17.2 in the case of
81,82,--.58N € {—1,+1}. Thenwe know that 3n € Z, q € Z™,
for which

D(n,q,[VN/2)]| > N4,
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From the other direction, Roth noticed that, using probabilistic
methods, one can see that there is an IN-long +1 sequence for
which max |D(n, q, k)| < N'/?(log N)'/? and guessed that this
result cannot be significantly improved, i.e.,

max |D(n, g, k)| > N/27¢,

holds for every N-long £1 sequence and positive e (where the ap-
plied constant factor in > depends only on €).

This conjecture was disproved by Sarkozy ([2, §8]), proving the ex-
istence of a sequence for which

max |D(n, g, k| < N/3(log N)?/3. (17.14)

Beck [1] proved a smaller upper bound N'/4(log IN)3/2. Finally, Ma-
tousek and Spencer [3] proved the sharpest possible estimate, i.e.
they showed the existence of a sequence for which

max |D(n, q, k)| < N4,
Here we only prove (17.14), i.e., the following:

Theorem 17.3 (Sarkézy) For all positive integer N, 3 a sequence
S19824...,8SN € {—1, —|—1} for which

max ‘sn + Spyq+ o+ Sn—l—(t—l)q’ < Nl/?’(log N)2/3.

n,q,t

Proof of Theorem 17.3. By Chebyshev’s theorem, there is always
a prime between n and 2n, so let us now fix a prime p such that

N 2/3 N 2/3
<p<?2 .
<1og N) P <1og N)
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We define the sequence s,, as follows

. (%), hap{n
n = N

hap | n.
Then D = 37"~ sn4jq Can be estimated as follows:

Case l.: p | q. Then

n+(t—1)g<N

t—1)g<N—-—n<N-1
N —1 N —1
t1<
q p

N
t < -|—1<<—2/3

t < NY3(log N)?/3,

That is, t < N'/3(log N)?/3 holds for the difference of the arith-
metic progression, and then the theorem is trivial.

Case Ill.: p 1 g. Denote by x the quadratic character, i.e.,
X(n): (;)a pr)(n,
0, ifp | n,
then

S:{xm%”mm,

0, ifp | n.

So:

t—1
DI =Y x(n+jq)+ > 1.
J=0 0<j<t
pln+ijq
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By the triangle inequality:

t—1
DI <D x(n+ig|+]| > 1.
5=0 OSTSN
plm

In this case p 1 q, i.e., there exists g* for which gg* = 1 (mod p).

|5

N
+ —.
p

|ID| < |x(q%) i x(n + 79)

t—1
<) x(ng* +4)
=0

By the Pdlya-Vinogradov inequality (Theorem 14.1):

N
|D| < /plogp + "

N 1/3 N 2/3 N
T 1 B
< <10gN> o8 <logN> + ()"

<K N1/3(10g N)2/3.

Thus, in both cases, we proved the statement of the theorem.

References

[1] J. Beck, Roth’s estimate of the discrepancy of integer sequences
is nearly sharp, Combinatorica 1 (4) (1981), 319-325.

[2] P. Erdds and J. Spencer, Probabilistic Methods in Combinatorics,
Akadémiai Kiadd, Budapest, 1974.

124



[3] J. Matousek, J. Spencer, Discrepancy in arithmetic progression,
Jornal of the American Mathematical Society 9 (1) (1996), 195-
204.

[4] K. F. Roth, Remark concerning integer sequences, Acta Arith-
metica, 9 (1964), 257-260.

[5] K. F. Roth, Irregularities of sequences relative to arithmetic pro-
gressions, I, Math. Ann., 169 (1967), 1-25.

[6] A. Sarkdzy, Some remarks concerning irregularities of distribu-
tion of sequences of integers in arithmetic progressions. 1V, Acta
Math. Academiae Scientiarum Hungaricae 30 (1977), 155-162.

125



	Introduction
	Notations
	Parseval formula and Ramanujan sums
	Group characters
	Additive characters
	Gauss sums
	Vinogradov's lemma
	Weyl sums and Weil theorem
	Erdos and Moser's problem
	Kloosterman sums
	 Multiplicative characters
	 Gauss sums (part 2)
	 The dual of Vinogradov's lemma
	 Is Weil's theorem sharp?
	 Pólya-Vinogradov inequality
	 Short multiplicative character sums
	 Large sieve
	 The reverse of the large sieve

