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Abstract
In Part I of this paper we studied the irregularities of distribution
of binary sequences relative to short arithmetic progressions. First we
introduced a quantitative measure for this property. Then we studied
the typical and minimal values of this measure for binary sequences of
a given length. In this paper our goal is to give constructive bounds
for these minimal values.

1 Introduction

First we recall some definitions and results from Part T of this paper [2].

K. F. Roth [12] was the first who studied the irregularities of distribution
of sequences relative to arithmetic progressions. It follows from his results
that

Theorem 1 (Roth [12]). If N,Q e N withQ < N2 and Ey = (ey, €3, ...,ex) €
{—1,+1}Y, then there are integers a,t,q such that

I<a<a+(t—1)¢<N, ¢<Q
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with some absolute constant c;.

Binary sequences with strong pseudorandom properties play a crucial role
in cryptography and elsewhere. Thus in [7] Mauduit and Sarkézy initiated a
new constructive and quantitative approach to study pseudorandomness of
binary sequences

Ey = (e1,€a,...,en) € {—1,+1}". (1)

Among others, in [7] they introduced the following measures of pseudoran-
domness of binary sequences:

Definition 1. The well-distribution measure of the binary sequence (1) is
defined by

t—1
W(Ey) = max| ) e
a7b7t . 0
.]:

where a,b,t e Nand 1 <a<a+ (t—1)b < N.

Definition 2. For k € N, k£ < N the correlation measure of order k of the
sequence (1) is defined as

M

Z €n+diEntds - - - Entdy,
n=1

Cyx(En) = max

)

Then the sequence Ey € {—1,+1}" is said to possess strong pseudoran-
dom properties or, briefly, it is considered a “good” PR (= pseudorandom)
sequence if both W (Ey) and Ci(Ey) (at least for “small” k) are small. There
are many papers written on these measures and constructions of “good” PR
sequences, see Part I of this paper [2] for some related results and references.

We pointed out in Part I that in the applications one also needs binary se-
quences of form (1) such that their “short” but “not too short” subsequences

EN(n, M) == (€n+1,€n+2,,€n+M) (2)

(say of length M with N'7¢ < M < N for some ¢ > 0) also possess strong
PR properties. Thus our goal is to look for binary sequences of this type.
First in this series we focus on the measure W (and we will study Cj, resp.
the combination of W and Cj}, later).



It follows from Theorem 1 and an upper bound estimate for ~ min  W(Ey)
Ene{—1+1}V

given by Matousek and Spencer [6] that for all N € N we have
NV < min  W(Ey) < csNY4. (3)

ENE{—LJFl}N

Note that Matousek and Spencer proved their upper bound by an existence
proof, and no constructive proof is known. Indeed, the best known construc-
tion (presented in [4] in 1978) gives only

W(Ey) < esNY3(log N)*3. (4)

In Part I first we introduced a weighted version W, of the measure W for
studying subsequences:

Definition 3. If Ey is the binary sequence Ey in (1) and 0 < o < 1/2, then
the weighted a-well-distribution measure of Ey is defined as

Wo(Exy) = max M “W(En(n,M)).

os<n<n+M<N

We also needed the following modification of this measure:

Definition 4. If Ey is the binary sequence Ey in (1) and 0 < o < 1/2, then
the modified a-well-distribution measure of Ey is defined as

M1
Wu(Ey) = max | M~ max Z atjbl| |-
0<M<N 1<a<a+(M-1)p<N| &

Next we showed that for a truly random Ey € {—1, +1}" the W, measure
of it is around N7 (we present this result here in a slightly simplified but
less sharp form):

Theorem 2. Assume that 0 < « < 1/2. Then for all ¢ > 0 there are
numbers Nog = Ny(e) and § = 6(¢) such that if N > Ny, then for a truly
random sequence Ex = {—1,+1}" (i.e. choosing each Ex € {—1,+1}" with
probability 1/2V ) we have

P (SNY27* < W, (Ex) < 6N (log N)/?) > 1 —e.

Write
ma(N) = min W, (EN)

Ene{—1,+1}N
and o
Mo(N)=  min W,(Ey).

ENE{—LJFl}N

A trivial lower bound for my(N) is

mo(N) » NY4= forall 0 <a <1/2. (5)



We conjectured that much more is true:

Conjecture 1. For 0 < a < 1/2 we have
s NP < my (N) < cgNY* o2, (6)

Note that by (3) this is true for @« = 0. For @ > 0 we have not been
able to improve on (5). Thus instead we proved two theorems which can be
considered as partial results towards the lower bound part of this conjecture:
first we gave a lower bound for m,(N), and then we proved a lower bound for
W (Ey) from which it follows that for almost all Ey € {—1,+1}"¥ the W,
measure of Ey is greater than the lower bound in (6) divided by a logarithm
factor:

N1/A—a/2
(log N)1/4=o/2"

In this paper our goal is to study certain special sequences En with small
values of W, (Ey). First in Section 2 we will show that the Rudin—Shapiro
sequence possesses small W, measure for all . Then in Sections 3 and 4 we
will give upper bounds for small values of W, in case of Legendre symbol
sequences. Finally, in Section 5 we will give lower bound for W, for the
Legendre symbol construction.

Wo(En) »

2 Upper bound for small values of W, uni-
formly in o for the Rudin—Shapiro sequence

Unfortunately, we have not been able to prove that the upper bound in (3)
can be extended to the case of general « as presented in Conjecture 1; namely,
we have not been able to extend the existence proof given by Matousek and
Spencer in [6]. On the other hand, we will be able to extend and sharpen
the constructive upper bound (4) in various directions by giving constructive
proofs. First in this section we will give a partial answer to the questions
asked at the end of Section 1 in [2]: we will show that the truncated Rudin—
Shapiro sequence is well-distributed in short blocks of consecutive elements
of it, in other words, W, is small uniformly in « for this sequence.

The Rudin—Shapiro [13], [15] sequence plays a role of basic importance in
harmonic analysis. Its definition is the following:

First we define pairs of polynomials Pyn(2), Qan(z) (n = 0,1,2,...) of
degree 2™ — 1 by the following recursion: Let

Pi(z) =Qi(2) =1,



and if Pon(z) and Qo (2) have been defined for a non-negative integer n, then
let

Pyusi(2) = Pon(2) + 27" Qon(2) and Qans1(2) = Pon(2) = 2% Qan(2).  (7)
It can be shown easily by induction on n that
|Pon(2)|* + [Qan (2)]F = 271 for n=0,1,2,... andall |2| =1
whence
‘PQn(Z)‘ < V2272 and ‘an(z)‘ <222 forn =0,1,2,... and all |z| = 1.

It follows from these upper bounds and the Parseval formula that the max-
imum of the polynomials Pyn(2), Qon(z) on the unit circle is less than a
constant multiple of their mean square; this is the most important property
of these polynomials.
Clearly, the construction above defines a unique binary sequence R =

(ro,71,...) € {—1,+1}* such that

on 1

Pyn(z) = Z rizl forn=0,1,2,...;
j=0

this sequence R is called Rudin—Shapiro sequence. Its elements have the
following properties:

Ty = 17
Ton = Tn (forn=1,2,...),
Tons1 = (—=1)"r, (forn =0,1,2,...)

and

Tontlgih = Talp for non-negative integers a,b and n such that b < 2".

(Their proofs and further formulas can be found in [11].)
Write Ry = (ro,71,-..,7n—_1). Denote the coefficients of the polynomial
Qo (2) by 80,81,...,8m_1 so that Qon(z) = Z?ZEI s;27, and write Sgn =

(S0, 81, ---,82n1). Then by (7) we have

21 21 21 2n—1 ontl_1
Z ri2 + 2° Z 82" = Z riz + Z 522 T = Z iz’
=0 i=0 =0 i=0 =0
whence
SQ" = (807 Sty 4, 82"71) = (T2"7 Tony1, ... 77,2”*'171)' (8)

Mauduit and Sérkozy [8] proved that

bt



Theorem 3 (Mauduit and Sarkozy [8]). We have
W(Ry) <22+ V2)NY?  forall NeN.
We will also need
Corollary 1. For alln
W(San) <4(vV2+1)2"2  for n=0,1,2,....

Proof of Corollary 1. In the remaining sections we will use some facts which
are nearly trivial. We will call these facts propositions, and in some cases we
will give a hint, but we will always omit the details.

Proposition 1. If a binary sequence Dysyn € {—1, +1}M*N s the concate-
nation of the sequences Ay = (ay,aq,...,ay) and By = (b1, ba, ..., by):
Dyin = (a1, ... apn,b1,...,by), then we have

maX(W(AM), W(BN)) < W(DM+N)

All the sums a, + az4y + - -+ + g4ty considered when computing W (Ax)
are also considered when computing W (D1 n).

By (8), Ron+1 = (ro, TlyevoyTon_1,Ton, Ton g, ... ,T2n+1,1) is a concatena-
tion of Ron and So» thus by Proposition 1 and Theorem 3 we have

W (Son) < W(Rone1) < 2(2+ V2)20H0/2 = 4(v/2 4 1) 2772
which proves the corollary. O

Now we are ready to prove our main result in this section:

Theorem 4. Let N € N, and forne {0,1,...}, MeN, 0<n<n+ M <
N write Ry(n, M) = (Tn,Tni1s---sTnim—1)- Then for each of these pairs
(n, M) we have

W (Ry(n, M)) < 40MY2, (9)

It follows trivially from this theorem that
Corollary 2. For all 0 < o < 1/2 and every N € N we have
Wa(Ry) < 40NW/2 - (10)

i particular,
Wl/Q(RN) < 40.



By (9), the Rudin—Shapiro sequence completely satisfies the requirement
formulated at the end of Section 1 of [2] as far as the measure W is concerned:
for every subsequence of length M the measure W is « M2, we could not
expect better than that.

Proof of Theorem 4. We will need

Proposition 2. If a,t are any non-negative integers, then (Ta2t, Ta2tals « -5
Tat1)2t—1) is one of the 4 sequences Ry, —Rot (= (=70, —71,...,—T2t_1)),
Sgt, —Sot.

This follows from the recursive formula (7).

Proposition 3. Let Ex = (eq,es,...,ex) € {—=1,+1}Y and 1 < ng <ny <
-<ng < N+ 1, and write

E](\Zf) = (eniaeni+1>---vem+1—1) for i=0,1,....k—1

and En(ng,ng — 1) = (eno, Crotls -+ - s enk_l). Then we have

W (E(nome — 1)) < 3 W(ED)

On the left-hand side we have the absolute value of the greatest sum
> €q+jp Where the subscripts a4 jb form an arithmetic progression contained
j
in (ng,mo+1,...,n% —1). The numbers ny, no, ..., ng 1 split this arithmetic
progression into at most k pieces, and the absolute values of the sums over
these pieces can be estimated by W(E](\})), W(E](\?)), ce W(E](\]f)) It remains
to refer to the triangle inequality.

Now we are ready to prove (9). Define the integer ¢t by M/2 < 2! < M.
There is an integer m with 2! | m which belongs to the set H = {n,n +
1,...,n+ M —1}. Write m; = m + 2" for i = =2, —1, 0 and 1, but we
drop m; if it is negative. For the remaining (at most 4) m;’s we form the
sequence R = (Tmi,rmiJrl,TmiJrg, .. .,Tmi+2t,1). Each of these sequences
is of the form described in Proposition 2 and their concatenation includes
the subsequence Ry (n, M), thus by Propositions 1, 2 and 3, Theorem 3 and
Corollary 1 we have

W(Ry(n, M) < > W(ERD) = Y W(Ry(m;,2")) <

—2<i<l —2<i<l
< > max(W(Ry), W(Sy)) <4-4(v2+1)27 < 40M'?

—2<i<1
which completes the proof of Theorem 4. O

7



We have seen that the behaviour of the measure W is completely satis-
factory for the truncated Rudin—Shapiro sequence. On the other hand, in
case of the correlation measure the situation is just the opposite. Indeed, by
Theorem 3 in [8] we have

Theorem 5. For N e N and N > 4 we have
1
CQ(RN) > éN

Thus if we want to make W, (Ex) and the correlation measures Cy(Ex)
small simultaneously, then we have to look for a different sequence. We will
return to this problem in a subsequent paper.

3 Upper bounds for small values of W, for
fixed a by using the Legendre symbol

Recall from Section 1 that by (3) we have

mo(N) = min W(Ey) < csNY*

ENG{—1,+1}N

and this is sharp apart from the value of the constant c3 but the proof of this
is an existence proof. The best known construction presented in 1978 in [4]
gives only the much weaker bound in (4), and since that no improvement has
been made on this estimate. This upper bound was achieved by considering
the following construction:

If N eN and pis a prime with p < N, then define the sequence E% =

(e1,€2,...,en) by

2y f
en = (”> orpfn, (for all 1 <n < N) (11)
+1  forp|n

where (%) denotes the Legendre symbol. Choosing here p as the greatest
2/3
Tog , it is easy to see by using the Pélya—Vinogradov
inequality [10], [16] that this sequence satisfies (4) with E%; in place of Ey.

First we will extend this construction to estimate small values of W, for
any fized «, and we will also improve on it slightly (in particular, we will be

able to remove the logarithm factor from (4)).

prime p with p < (L



Theorem 6. For every a with 0 < o < 1/2 there is a number Ny = Ny(«)
such that if N € N, N > Ny then there is a prime p with

1 —a —a
§NL13 b < p < NV (12)

so that for the sequence EX; defined by (11) we have
Wa(E?) < csN'5° (13)
where c5 is an absolute constant (independent of a).

Compare this upper bound with the upper bound for W, (Ry) in (10): in
(10) the exponent of N is £ — o while here in (13) the exponent is 152 which

is smaller than 3 — o for 0 < o < 1/4.

In the o = 0 special case we get from Theorem 6 that

Corollary 3. For N e N, N > Ny there is a prime p with
1N2/3 <p < N2/3
2

such that for the sequence EX, we have
W(ER) = Wy(ER) < es N2,
(Indeed, this is better than (4) by a factor (log N)%3.)

Proof of Theorem 6. The proof will be based on a result of Montgomery and
Vaughan [9]:

Lemma 1. There is an absolute constant cg such that for N € N, N > 2
there is a prime p satisfying

N
—<p< N
5 p
and oy
+
Z (ﬁ)‘ <cp/? forall XeZ, YeN. (14)
n=X+1

(Here and in the rest of this paper we define (%) =0 forp|n.)

Proof of Lemma 1. This follows from (ii) in the Corollary in [9] by taking
any 6 > 1/2 there (and using also the prime number theorem). O



For Y € N write

X+Y n
i) = 3 (%)) (15)
n=X+1

We will also need

Lemma 2. I[f M,NeN, ne{0,1,...,N—1}, n+ M < N and p is a prime
with p < N, then we have

W (ER (n, M)) < maxd(p,Y) + % + 2. (16)

Y<M

Proof of Lemma 2. By the definitions of W(Ey), E& = (e1,ea,...,ex) and
Ex(n, M) we have

W (E%(n, M)) = max

a,b,t

Z €atjb| =

tf
_ a+ 3b
—IB,?,%Z( ) 3 an)
j=0 0ogy<t
pla+jb
where a,b,t € N and
n+l<a<a+(t—1)b<n+ M. (18)

It follows from (18) that
t-—1b=(a+(t-1b)—a<(n+M)—(n+1)=M-1 (19)

whence

so that

If (b,p) = 1 then by the definition of d(p,Y) and (20) we have
t—1 :
+ 7b
5 (572
7=0 p 0<y<t
2 (a + jb)

<

~

pla+3b

% -1-

0<y<t
pla+jb




t—1
J=0

< d(p,t) + (; + 1) max d(p, t) + % +1 (for (b,p) =1). (21)

bl 4
(%)‘—I—‘{j:jbz—a (mod p), 0 < j <t}| <

t<M
If (b,p) > 1 then we have b > p thus it follows from (19) that
(t—lp<(t—1b<M—1

whence
M—-1 M
+ 1< — +1.

p p

t <

Thus we have

5(5)- s

2M
1 <2) 1=2t<=—+2 (for (b,p) >1). (22)

j=0 0<j<t =0 p
pla+jb
(16) follows from (17), (21) and (22) which completes the proof of the
lemma. U

In order to prove the statement of the theorem we use Lemma 1 with
2(l—a

N5 in place of N. We get for N large enough that there is a prime p
satisfying (12) such that (14) holds. Then by the definition of W, (12), (14),
(15) and Lemma 2 we have

Wo(EY) = max M “W(EN(n,M)) <

o<n<n+M<N

M
< max M “ (max d(p,Y)+2— + 2) <
p

os<n<n+M<N Y<M

M
< max M@ (C6p1/2 +2— 4 2) <
p

M<N
lea lea a
1/2 < 1/2 la
<§?§?§C7(p Ty >\C7<p T )<CSN3 (23)
which completes the proof of Theorem 6. U

For 0 < a (< 1/2) one can improve further on the upper bound in (13)
by using the Burgess inequality:
Theorem 7. For every a with 0 < o < 1/2 there is a number Ny = Ni(«)
such that if N € N, N > Ny and p is a prime which satisfies the inequalities
in Lemma 1 with N1 (log N)~ 5% place of N:

1 o
5]\/'81(21 503 (IOgN) Toosa <p< N12 5a (]OgN) o (24)

11



and (14) holds, then we have

(1—a)(4—5a)

Wal(BY) < cgN™ 2=~ (log N) -5 (25)

where ¢y is an absolute constant (independent of «).

(1—a)(4—5a)
Observe that the exponent 5-Fa

smaller than the exponent 5% in (13) in Theorem 6 for all 0 < « (in partic-

ular, for a = 1/2 these exponents are @ and 1 , respectively).

in the upper bound in (25) is

Proof of Theorem 7. By the Burgess inequality [1] we have
Lemma 3. If p is a prime number and H € N, r € N then

X=H

n
5 ()<

n=X+1

d(p, H) = max

X€eZ

where cio s an absolute constant.

(Here ¢19 = 30 can be taken [17].)
In order to estimate W, (E%;) in the theorem again we use Lemma 2:

Wo(EX) = max M “W(EX(n,M)) <

o<n<n+M<N

M<N H<M

M
< maXMa(maXd( JH) +2— —I—2> <
p

lea
< max(M max d(p, H) + 2 +2M_°‘> <
p

M<N H=M
l-a
<
<y (1 g 1) + 47 26)

since we have p < N'=* by the upper bound for p in (24) and a < 1/2. By
> 0 here we have

g (M sl 1) < pago H) e, M =
= max H “d(p, H) = max F(H)  (27)

where F(H) = H*d(p, H).

It remains to estimate F(H) for H € (0, N]. To do this, we split the
interval (0, N] into subintervals. To define these subintervals we introduce
the following notations:

12



Let R be a positive integer large enough in terms of o which will be fixed
later. Let t; = N, ty = p*/®(logp) ",

7‘2 r—
trzpﬁlogp for r=3,4,..., R+1

and tgio = 0 (where p is the prime p defined in the theorem). A simple
computation shows that if N is large enough (in terms of «/), then we have

OZtR+2<tR+1<"'<t2<t1:N. (28)

Let I, = (t,41,t,] for r =1,2,..., R+ 1. Then it follows from (28) that the
interval (0, N] is a disjoint union of the intervals I,

R+1
O,N={JI, Lol =g for 1<r<r' <R+1. (29)

i=1
First for H € I; we estimate F'(H) by (14):

F(H) = H™*d(p, H) < t;"cgp"/* = cop™*(log p)*p'/* =

= cep? "B (logp)® = csG(1) = cep™ (logp)™ (for HeI,) (30)

with G(1) = p“*(logp)”*, u; = 1/2 — 5a/8, v1 = a.

For H belonging to the r-th interval I, = (t,,1,t.] with 1 <r < R+ 1
we use the Burgess inequality in Lemma 3 with this r (indeed, I, is defined
so that this r value should give the optimal bound):

r+1

_a_l r+1 r
ar2 (logp)l/r = coH* " ar2 (logp)l/ )

F(H) = Hd(p, H) < ci1oH “H"""p

By a < 1/2 the exponent of H is non-negative, thus we get

P R
F(H) < ety ™ pa? (log p) "
whence for r = 2 we have

F(H) < eyt *p* 'S (log p) /2 =

5/167504/8( a71/2p3/16( /2 _

= c10p log p) log p)
= C10p1/2_5a/8(10gp)a = ClOG(z) = ciop™? (108; p)m (for He ]2) (31)

with G(2) = p*>(logp)*>, uz = 3 — 3¢ and v; = «, while for 2 <r < R+1
we get

r2+r—1 170‘7% r+1 1
F(H) < cio (p““—”* logp) pa? (logp)r =

13



r+2 r2+r—1

= ciop 1007 (log p)' T = ¢10G(r) =

= c1op""(logp)" (for Hel,, 2<R<R+1) (32)
with G(r) = p* (logp)", u, = 52 — ozzzjfl_)i and v, =1 — a.

Finally, for H € Ir,; we use the trivial estimate
F(H)=H *d(p,H)< H*H=H""<t5% =

— (pij%?l?i?)l)l_a(logp)la =
=G(R+1) =p"B*(logp)’#+* (for H € Ig,1) (33)

with G(R + 1) = p“a+1(log p)"#+1, up 1 = Z;J(rz]ﬁ)l (1—a), vry1 =1—a.
By (30) and (31) we have

G(1) = G(2) = p"*7>*(log p)*. (34)

For 2 <r < R we have

<r+2 r2+r—1) (r+3 r2+3r+1)
Up — Upgq = -« -7 =

dr A(r — Dr r+1) “dr(r+1)
1 1 (1—a)r—1
= — =
2r(r +1) 2r—=1)(r+1) 2(1—=r)r(r+1)
whence
" > Uy fora<1/2ora=1/2, r>2, (35)
= Uy fora=1/2, r=2
and clearly
Uy =041 for r=2, a=1/2. (36)

It follows from (34), (35) and (36) that
P2 (log ) = G(1) = G(2) > G(3) > G(U) > - > G(R).  (37)
By (33), for R — oo clearly we have
G(R +1) = plate®)=)  (for R — o0). (38)

Comparing the exponents of p in (37) and (38), we get that

1

5) 1

14



by o < 1/2. Thus it follows from (37) and (38) that for every R large enough
we have

G(R+1) < G(1). (39)

Now we fix the value of R: let R be the smallest integer R with R > 2
for which (39) holds. Then it follows from (26), (27), (29), (30), (31), (32),
(33), (37) and (39) that

-«

Wa(ER) < cip? 5 (log p)® + 4 (40)
whence (25) follows using that the prime p satisfies (24) (note that this

choice of p balances the two terms in (40)) and this completes the proof of
Theorem 7. O

4 Upper bounds under hypothesis for the Leg-
endre symbol construction

In Section 3 we estimated W, (E%;) for the Legendre symbol sequence EX; in
(11) by using the best known estimates for Legendre symbol sums. However,
these estimates are probably very far from being sharp so that W, (E%) is
much smaller than our upper bounds. Thus it seems worth to study what
upper bound can be given for W, (E%;) having a plausible hypothesis on the
size of Legendre symbol sums? Such a hypothesis was formulated, e.g., by
L. Zhao in [17]: If x is a non-principal character modulo a prime number p

and we set
Sy(N) = Z x(n),

M<n<M+N

then “the expected bound is
S (N) « VN pe.” (41)

We will call (41) hypothesis H, and we will estimate W, (E%) under this
hypothesis.

Theorem 8. Assume that hypothesis H holds with x(n) = (%), i.e., for
every € > 0 there is a number py = po(e) such that for every prime p > pg

we have
X+Y
> ()
n=X+1 p

d(p,Y) = max

X€eZ

« Y'Y (for allp > py and Y € N).  (42)

15



Then for every a and ¢ with 0 < « < 1/2 and € > 0 there is a number
No = No(a, €) such that if N € N, N > Ny, then there is a prime p with

1 2—2a 2—2a —a
SV <p< NER(SNTO) (43)

so that for the sequence EX; defined by (11) we have

(1-a)(1—2a)
(;7204 < +€_

Wo(EY) < N (44)

Note that the exponent (173)7(%20“) in this upper bound is significantly

t U=l=59) ) (95).

smaller than the exponen 5Ea

Proof of Theorem 8. By Lemma 1 there is a prime p satisfying (43) with

T G)cwn W

n=X+1

max d(p,Y) = max max
YeN YeN XeZ

We will show that for this prime p the sequence EX; satisfies (44).
As in (23), by Lemma 2, (42), (43) and (45) we have

Wo(EY) = max M “W(EX(n,M)) <

os<n<n+M<N

M
< max M™° (max dip,Y)+2— + 2) <
1<M<N Y<M p

M
< max M™¢ (max min(Yl/Qpa, cﬁpl/z) +2— 4+ 2) <
1SM<N Y<M D

<  max M*amaxmin(Y1/2p€,cﬁp1/2)+

1<M<pl-2¢ Y<M
+  max M *maxmin (Yl/Zpa, cﬁpl/Q) +
1-2¢
pl=2e<M<N Y<M

M
+ max M™¢ (2— +2> <
1<M<N P

Nl—a
< max MY 4+ max M %cgp'/? +2 ( + 1) <
p

1<M<p1—25 p1—25<M<N

11—«

« p(1—25)(1/2—a)+6 +p—a(1—26)+1/2 + N &
p

l1—a -«
& p—a(1—25)+1/2 + N _ pl/Z—aPQae + N <

lea
p

< p1/2faN€ +

<
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o US| s
(observe that by choosing p in the interval (43) the two terms have been
balanced apart from an N¢ factor) whence (44) follows. O

5 Lower bound for W, for the Legendre sym-
bol construction

In this section our goal is to give a lower bound for W, for the Legendre
symbol sequence E7 | defined as in (11):

we () Q7)o

Such a lower bound follows easily from a result of Sarkézy ([14] Corollary 4,
proved there by adapting Roth’s method applied in the proof of his result
presented as Theorem 1 above) which was also used in Part I of this paper.

In this way one gets
WalED,) » 2pH/i=of? (47)

for all 0 < o < 1/2. However, by using a recent result of Gong [5], we will
be able to improve on this estimate significantly:

Theorem 9. Let p be a prime with p > 2, and define the sequence Efj_l by
(46). Then for all 0 < a < 1/2 we have
1/27a.

1
p—l) > 1_0p

Note that the exponent on the right-hand side is the double of the expo-
nent in the upper bound in (6) and in (47), and comparison with Theorem 2
shows that the order of magnitude of W, for the Legendre symbol sequence
is at least as large as for a random sequence of the same length.

Wa(E”

Proof of Theorem 9. Throughout the proof we will identify [F, with the field
of the modulo p residue classes, and we will use the same notation for a
residue class and an integer representing it. The proof will be based on the
following result of Gong:

Lemma 4 (Gong [5]). For any subset D < [, and any multiplicative char-
acter x # xo modulo p we have the identity

2,

a€F,

2

>, X(@+a)| =p/D|-|D. (48)

€D
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Proof of Lemma 4. With F in place of F, this is presented and proved by
Gong as Theorem 2 in [5]. However, 0 ¢ D is not used in the proof of the
lemma, and the proof goes through in exactly the same way if we replace
the assumption D < Fy by D < F,, thus we may use the lemma in the form
presented above. O

(We remark that here we will need only the special case of Lemma 4 when
D consists of consecutive residues, i.e., it is of form D = {n,n+1,..., n+m},
and this special case of the lemma was proved and used already in 1952
by Davenport and Erdés [3]. However, we prefered to present the lemma
here in this more general form since in the sequel of this paper and other
related problems where we will use the same method we will need this greater
generality.)

We will use Lemma 4 with D = {1, 2,..., ;%1} and the character x(n)

%

1 and x(n) = 0 for p(n)). Let a’ be an a value which defines a maximal term
in the sum in (48) so that this term is at least as large as the average of the
terms:

generated by the Legendre symbol modulo p (so that x(n) = ( ) for (p,n) =

2

D|? —1 D
Zx(x—l-a') >|D|—u=|D| (1—p—> >u
z€D p 2p 2

whence
> 2712|p|2, (49)

Z x(z +d')

€D

Write

—1
DlzD—i—{a'}:{a'+1,a'+2,...,a'—|—pT}.

Then either we have

-1
Dic{L2....p—1}, [Di] =D =5 (50)
or Dy can be represented in the form
Dy ={-b—-(b—1),...,—1,0,1,2,...,¢} =Dy u {0} U D3 (51)
with
p—1
DQ = {—b, —b+ 1, .. .,—1}, Dg = {1,2,. .. ,C}, maX(|D2|, |D3|) < T
(52)
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Now we define the set D' < F, so that D' = D; in case (50), while if (51)
and (52) hold, then let D’ be that one of Dy and Dj for which | > X(y)‘ is

y€D;
greater. In this second case by (49) we have

272DV < | Y I x(w +d)| = | ] x(y)‘ =D x@+ D] X(y)‘ <
z€D yeD1 yeD> y€Ds3
<> x(y)‘ +1>] x(y)‘ <2/)] x(y)‘
y€Do yeD3 yeD!
whence
3 )| > 2P (53
yeD’
In the first case (50) we have
> x(y)‘ =) x(y)‘ = D x(x +a)
€D

yeD’ yeD1

from which again (53) follows by (49).
It follows from the definition of D’ that in both cases it is of the form

D'={n+1n+2,...,n+M} (54)
with
l<n+l<n+M<p—1 (55)
and, by also using (50) and (52), we have
—1
M= <P (56)

2
We obtain from (53), (54), (55) and (56) that

W(Eg_l) = M_OCW(EII;_l(n, M)) = M_a‘e,%q +engo + -+ en+M‘ =

M .
Y n+i v
ZMM=M Z(p)}mwzwwmz

yeD! i=1

1/2—a
> |D|fa273/2|p|1/2 _ 273/2|D|1/27a _ 2—3/2 (p ; 1) >

S 9302 (Q)UQ_O‘ _ 273/2(272)1/27ap1/27a > 9 52120 o ipl/%a
4 10
which completes the proof of the theorem. O
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