
On the orrelation of binary sequenesKatalin Gyarmati∗AbstratC. Mauduit onjetured that C2(EN )C3(EN ) ≫ N c always holdswith some onstant 1/2 < c ≤ 1. This will be proved for c = 2/3, moreexatly if for a sequene EN ⊆ {−1. + 1}N we have C2(EN ) ≪ N2/3then C3(EN ) ≫ N1/2. Indeed, a more general theorem is proved,involving orrelation measures.Mathematis Subjet Classi�ation 2000 (MSC2000): 11K45.Keywords and phrases: pseudorandom, orrelation measure.1 IntrodutionIn 1997 Mauduit and Sárközy [5℄ initiated the systemati study of �nitebinary sequenes EN = (e1, e2, . . . , eN) with e1, e2, . . . , eN ∈ {+1,−1}. Theyproposed to use the following measures of pseudorandomness:The well-distribution measure of EN is de�ned as
W (EN) = max

a,b,t

∣

∣

∣

∣

∣

t−1
∑

j=0

ea+jb

∣

∣

∣

∣

∣
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where the maximum is taken over all a, b, t ∈ N with 1 ≤ a ≤ a+(t−1)b ≤ N ,while for k ∈ N, k ≥ 2 the orrelation measure of order k of EN is de�ned as
Ck(EN) = max

M,d1,...,dk

∣

∣

∣

∣

∣

M
∑

n=1

en+d1
en+d2

. . . en+dk

∣

∣

∣

∣

∣where the maximum is taken over all M ∈ N and non-negative integers
d1 < d2 < · · · < dk suh that M + dk ≤ N .Sine 1997 about 20 papers have been written on this subjet. In themajority of these papers speial sequenes are onstruted and/or tested forpseudorandomness, while in [1℄, [2℄, [3℄ and [6℄ the measures of pseudoran-domness are studied. In partiular in [1℄ Cassaigne, Mauduit and Sárközyompared orrelations of di�erent order. They asked the following relatedquestion:Problem 1. For N → ∞, are there sequenes EN suh that C2(EN) =

O(
√

N) and C3(EN ) = O(1) simultaneously?Reently, Mauduit [4℄ asked another losely related questionProblem 2. Is it true that for every EN ∈ {−1, +1}N we have
C2(EN )C3(EN) ≫ Nor at least
C2(EN)C3(EN ) ≫ N c (1)with some 1

2
≤ c ≤ 1?In this paper I will settle both Problem 1 and Problem 2 in the weakerform (1). The answers will follow from the main result of this paper:Theorem 1 If k, ℓ ∈ N, 2k + 1 > 2ℓ, N ∈ N and N > 67k4 + 400, then for2



all En ∈ { − 1, +1}N we have
(

17
√

k(2ℓ + 1) C2ℓ

)2k+1

+

(

17
2k + 1

2ℓ

)ℓ

N2k−ℓC2
2k+1 ≥

1

9
N2k−ℓ+1. (2)If follows trivially thatCorollary 1 If k, ℓ ∈ N, log N ≥ 2k + 1 > 2ℓ, N ∈ N and N > 67k4 + 400,

En ∈ { − 1, +1}N and
C2ℓ(EN ) <

1

20
√

k(2ℓ + 1)
N1−ℓ/(2k+1)then we have

C2k+1 >
1

8

(

2ℓ

17(2k + 1)

)ℓ/2

N1/2.In partiular, for ℓ = 1, 2 and 3 we obtain:(i) if
C2(EN ) <

N2/3

25
√

log N
,then

C3(EN ), C5(EN), · · · ≫
√

N ;(ii) if
C4(EN ) <

N3/5

32
√

log N
,then

C5(EN ), C7(EN), · · · ≫
√

N ;(iii) if
C6(EN ) <

N4/7

37
√

log N
,then

C7(EN ), C9(EN), · · · ≫
√

N ;3



where the impliit onstant may depend on the order of the orrelation mea-sure.From the �rst statement of Corollary 1 (whih is an immediate onse-quene of Theorem 1), follows the parts (i), (ii) and (iii) by using the in-equalities N1−ℓ/(2k+1) ≥ N1−ℓ/(2ℓ+1) and 1√
k
≥ 1√

log N/2
.Clearly, (i) in the Corollary answers the question in Problem 1. Moreover,sine we have

Ck(EN) ≥ 1for all N ≥ k, thus Problem 2 also follows from (i) with c = 2/3.By Theorem 1 for N > 467 we have
650C3

2 + 26NC2
3 >

1

32
N2. (3)For a �truly random sequene� EN ∈ {−1, +1}N the left hand side of (3) is

≪ N3/2 + N2 whih shows that the seond term is the best possible apartfrom the onstant fator. On the other hand I do not know whether theexponent 3 in the �rst term is the best possible. In other words, I have notbeen able to settle the following problem.Problem 3. Does there exist a sequene EN ∈ {−1, +1}N with C2(EN ) =

O(N2/3), C3(EN) = o(N1/2)?Kohayakawa, Mauduit, Moreira and V. Rödl proved the following for theorrelation measure of even order in [3℄:Theorem 2 If k and N are natural numbers with even k and 2 ≤ k ≤ N ,then
Ck(EN) >

√

N

3(k + 1)4



for any EN ∈ {−1, +1}N .2 Proof of Theorem 1We may suppose that
C2k+1(EN ) ≤

√
N (4)otherwise the theorem is trivial. The ruial idea of the proof is the followingidentity:Lemma 1 Let

S1
def
=

∑

1≤d1<···<d2ℓ−1≤N−(2k+1)

∑

1≤n1<···<n2k+1

≤N−d2ℓ−1

en1
en1+d1

. . . en1+d2ℓ−1
en2

. . . en2+d2ℓ−1
en2k+1

en2k+1+d1
. . . en2k+1+d2ℓ−1

,

S2
def
=

∑

1≤d1<···<d2k≤N−2ℓ

∑

1≤n1<···<n2ℓ
≤N−d2k

en1
en1+d1

. . . en1+d2k
en2

en2+d1
. . . en2+d2k

en2ℓ
en2ℓ+d1

. . . en2ℓ+d2k
,

Then
S1 − S2 = 0 (5)We will give an upper bound for S1 − S2 involving C2ℓ and C2k+1. Butbefore this we prove Lemma 1. 5



Proof of Lemma 1. If a produt en1
. . . en2k+1+d2ℓ−1

ours in S1, then italso ours in S2 and vie-versa, beause for all terms en1
. . . en2k+1+d2ℓ−1

in
S1 we have
en1

en1+d1
. . . en1+d2ℓ−1

en2
. . . en2+d2ℓ−1

en2k+1
en2k+1+d1

. . . en2k+1+d2ℓ−1
=

en1
en2

. . . en2k+1
en1+d1

en2+d1
. . . en2k+1+d1

. . . en1+d2ℓ−1
en2+d2ℓ−1

. . . en2k+1+d2ℓ−1
.Here

ni+1 − ni = (ni+1 + d1) − (ni + d1) = (ni+1 + d2) − (ni + d2) = . . .

= (ni+1 + d2ℓ−1) − (ni + d2ℓ−1)for all 1 ≤ i ≤ 2k, whih proves that this produt also ours in S2. Changingthe role of S1 and S2 we get the inverse statement. Thus indeed S1 −S2 = 0.Considering ∑

1≤n1<···<n2k+1

≤N−d2ℓ−1

en1
. . . en2k+1+d2ℓ−1

in S1 we see that this is thesum of all possible produts ontaining 2k+1 terms from the set e1e1+d1
. . . e1+d2ℓ−1

,
e2e2+d1

. . . e2+d2ℓ−1
, . . . , eN−d2ℓ−1

eN−d2ℓ−1+d1
. . . eN . A similar situation holdsin the ase of S2. We will use the following lemma.Lemma 2 For all j, M ∈ N, j ≤ M there is a polynomial pj,M(x) ∈ Q[x]with the degree j suh that if x1, x2, . . . , xM ∈ {−1, +1} then

pj,M(x1 + · · ·+ xM) =
∑

1≤i1<i2···<ij≤M

xi1xi2 . . . xij .Denote the oe�ients of pj,M by ci,j,M :
pj,M(x) = cj,j,Mxj + cj−1,j,Mxj−1 + · · · + c0,j,M .Then ci,j,M = 0 if i 6≡ j (mod 2), and (−1)(j−i)/2ci,j,M ≥ 0 if i ≡ j (mod 2).If j is even we also have:

c0,j,M = (−1)j/2

(

M/2

j/2

)

.6



Proof of Lemma 2. We will prove this lemma by indution on j. p1,M(x) =

x trivially. Sine x2
i = 1, p2,M(x) = 1

2
x2 − M

2
beause

1

2
(x1 + · · ·+ xM )2 − M

2
=

1

2

(

(x1 + · · ·+ xM)2 − x2
1 − · · · − x2

M

)

=
∑

1≤i<j≤M

xixj .Thus
c0,1,M = 0, c1,1,M = 1

c0,2,M = −M/2, c1,2,M = 0, c2,2,M = 1/2. (6)Suppose that the polynomials p1,M , p2,M , . . . , pj−1,M exist. From this wewill prove that pj,M also exists.Using again x2
i = 1 we get:

∑

1≤i1<i2<···<ij≤M

xi1xi2 . . . xij =
1

j

∑

1≤i1<i2<···<ij−1≤M

xi1xi2 . . . xij−1
(x1 + · · ·+ xM )

− M − (j − 2)

j

∑

1≤i1<i2<···<ij−2≤M

xi1xi2 . . . xij−2
.Thus for j ≥ 3 we have

pj,M(x) =
1

j
xpj−1,M(x) − M − (j − 2)

j
pj−2,M(x).From this we obtain that the following holds for the oe�ients ci,j,M :

ci,j,M =
1

j
ci−1,j−1,M − M − (j − 2)

j
ci,j−2,M . (7)By indution on j, Lemma 2 follows immediately from this reursion. I leavethe details to the reader.By Lemma 2

S1 − S2 = 07



is equivalent with
∑

1≤d1<···<d2ℓ−1≤N−(2k+1)

p2k+1,N−d2ℓ−1

(

N−d2ℓ−1
∑

n=1

enen+d1
. . . en+d2ℓ−1

)

−
∑

1≤d1<···<d2k≤N−2ℓ

p2ℓ,N−d2k

(

N−d2k
∑

n=1

enen+d1
. . . en+d2k

)

= 0.So:
∑

1≤d1<···<d2ℓ−1≤N−(2k+1)

p2k+1,N−d2ℓ−1

(

N−d2ℓ−1
∑

n=1

enen+d1
. . . en+d2ℓ−1

)

−
∑

1≤d1<···<d2k≤N−2ℓ

(

p2ℓ,N−d2k

(

N−d2k
∑

n=1

enen+d1
. . . en+d2k

)

− c0,2ℓ,N−d2k

)

=
∑

1≤d1<···<d2k≤N−2ℓ

c0,2ℓ,N−d2k
.Using the triangle inequality we get:

∑

1≤d1<···<d2ℓ−1≤N−(2k+1)

∣

∣

∣

∣

∣

p2k+1,N−d2ℓ−1

(

N−d2ℓ−1
∑

n=1

enen+d1
. . . en+d2ℓ−1

)∣

∣

∣

∣

∣

+
∑

1≤d1<···<d2k≤N−2ℓ

∣

∣

∣

∣

∣

p2ℓ,N−d2k

(

N−d2k
∑

n=1

enen+d1
. . . en+d2k

)

− c0,2ℓ,N−d2k

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

∣

∑

1≤d1<···<d2k≤N−2ℓ

c0,2ℓ,N−d2k

∣

∣

∣

∣

∣

. (8)We will give estimates for both side of (8). In order to estimate the righthand side of (8), we need upper bounds for the oe�ients of the polynomials
pj,M .De�nition 1 Let

d0,1 = 0, d1,1 = 1

d0,2 = 1/2, d1,2 = 0, d2,2 = 1/2.8



If i < 0 or j < i let di,j = 0.For i > 2 let
di,j =

1

j
(di−1,j−1 + di,j−2) . (9)Lemma 3 If j ≤ M then

|ci,j,M | ≤ di,jM
(j−i)/2.Proof of Lemma 3. We will prove the lemma by indution on j. For

j = 1, 2 by (6) the assertion is trivial. If the lemma holds for j ≤ k − 1 thenit also holds for j = k beause of triangle-inequality and (7):
|ci,k,M | ≤ 1

k
|ci−1,k−1,M | + M − (k − 2)

k
|ci,k−2,M | ≤ 1

k
|ci−1,k−1,M | + M

k
|ci,k−2,M |

≤ 1

k
di−1,k−1M

(k−i)/2 +
M

k
di,k−2M

(k−i−2)/2 = M (k−i)/2di,k.Thus Lemma 3 is proved.Next we give an upper bound for the polynomial pj,M .Lemma 4 Let wj
def
= d0,j + d1,j + · · ·+ dj,j, j ≤ M(i) If |x| ≤ y, v > 0, y >

√

N
3(v+1)

and M ≤ N then
|pj,M(x)| ≤ (3(v + 1))j/2 wj |y|j .(ii) If j is even |x| ≤
√

N and M ≤ N then
|pj,M(x) − c0,j,M | ≤ wjN

(j−2)/2x2.Proof of Lemma 4. (i) By Lemma 3
|ci,j,M | ≤ di,jM

(j−i)/2 ≤ di,jN
(j−i)/2. (10)9



Using this and |x| ≤ y we obtain:
pj,M(x) ≤ dj,jy

j + dj−1,jN
1/2yj−1 + dj−2,jNyj−2 + · · ·+ d0,jN

j/2

= yj

(

dj,j + dj−1,j
N1/2

y
+ · · ·+ d0,j

(

N1/2

y

)j
)

.By y >
√

N
3(v+1)

we have
pj,M(x) ≤ yj

(

dj,j + dj−1,j(3(v + 1))1/2 + · · ·+ d0,j(3(v + 1))j/2
)

≤ (3(v + 1))j/2(dj,j + dj−1,j + · · ·+ d0,j)y
j = (3(v + 1))j/2wjy

j.whih proves (i).(ii) Sine j is even, by Lemma 2 we have c1,j,M = 0. Using again (10) we get
|pj,M(x) − c0,j,M | ≤ dj,jx

j + dj−1,jN
1/2xj−1 + · · · + d2,jN

(j−2)/2x2

= x2
(

dj,jx
j−2 + dj−1,jN

1/2xj−3 + · · ·+ d2,jN
(j−2)/2

)Beause of x ≤ N1/2 we have
|pj,M(x) − c0,j,M | ≤ wjN

(j−2)/2x2.This ompletes the proof of Lemma 4.Using Lemma 4 we are able to estimate the right hand-side of (8). Indeed,by the de�nition of the orrelation measure and Theorem 2 (whih was provedin [3℄) we have
∣

∣

∣

∣

∣

N−d2ℓ−1
∑

n=1

enen+d1
. . . en+d2ℓ−1

∣

∣

∣

∣

∣

≤ C2ℓ(EN), C2ℓ(EN ) >

√

N

3(2ℓ + 1)
.Thus by Lemma 4 (i) we have

∣

∣

∣

∣

∣

p2k+1,N−d2ℓ−1

(

N−d2ℓ−1
∑

n=1

enen+d1
. . . en+d2ℓ−1

)∣

∣

∣

∣

∣

≤ (3(2ℓ+1))(2k+1)/2w2k+1C
2k+1
2ℓ (EN).(11)10



On the other hand by (4) we have
∣

∣

∣

∣

∣

N−d2k
∑

n=1

enen+d1
. . . en+d2k

∣

∣

∣

∣

∣

≤ C2k+1(EN) ≤
√

N.Using Lemma 4 (ii) we get
∣

∣

∣

∣

∣

p2ℓ,N−d2k

(

N−d2k
∑

n=1

enen+d1
. . . en+d2k

)

− c0,2ℓ,N−d2k

∣

∣

∣

∣

∣

≤ w2ℓN
ℓ−1C2

2k+1(EN).(12)We also have
∑

1≤d1<···<d2ℓ−1≤N−(2k+1)

1 =

(

N − (2k + 1)

2ℓ − 1

)

≤ N2ℓ−1

(2ℓ − 1)!
,

∑

1≤d1<···<d2k≤N−2ℓ

1 =

(

N − 2ℓ

2k

)

≤ N2k

(2k)!
, (13)By (8), (11), (12) and (13) we have

(3(2ℓ + 1))(2k+1)/2w2k+1
N2ℓ−1

(2ℓ − 1)!
C2k+1

2ℓ + w2ℓ
N2k+ℓ−1

(2k)!
C2

2k+1(EN )

≥
∣

∣

∣

∣

∣

∑

1≤d1<···<d2k≤N−2ℓ

c0,2ℓ,N−d2k

∣

∣

∣

∣

∣

. (14)The following lemma gives an upper bound for wj.Lemma 5
wj ≤

1

[j/2]!
.Proof of Lemma 5. The lemma is true for j = 1, 2. We will prove thatif it is true for j ≤ k − 1 then it is also true for j = k. By the reursion (9)we get

wk =
1

k
(wk−1 + wk−2)11



Thus by the indutive hypothesis we have
wk ≤ 1

k

(

1

[(k − 1)/2]!
+

1

[(k − 2)/2]!

)

≤ 1

[k/2]!whih ompletes the proof of Lemma 5.Using Lemma 5, from (14) we get:
(3(2ℓ + 1))(2k+1)/2 N2ℓ−1

k!(2ℓ − 1)!
C2k+1

2ℓ +
N2k+ℓ−1

ℓ!(2k)!
C2

2k+1(EN)

≥
∣

∣

∣

∣

∣

∑

1≤d1<···<d2k≤N−2ℓ

c0,2ℓ,N−d2k

∣

∣

∣

∣

∣

def
= L. (15)In order to prove Theorem 1 we need a lower bound for the right hand-sideof (15). By Lemma 2 we have

L =

∣

∣

∣

∣

∣

∑

1≤d1<···<d2k≤N−2ℓ

c0,2ℓ,N−d2k

∣

∣

∣

∣

∣

=
∑

1≤d1<···<d2k≤N−2ℓ

(

(N − d2k)/2

ℓ

)

=

N−2ℓ
∑

d2k=2k





∑

1≤d1<···<d2k−1≤d2k−1

1





(

(N − d2k)/2

ℓ

)

=

N−2ℓ
∑

d2k=2k

(

d2k − 1

2k − 1

)(

(N − d2k)/2

ℓ

)

. (16)We will use the following lemmaLemma 6 If a > 2ℓ2 then
(

a

ℓ

)

≥ aℓ

eℓ!and
(

a/2

ℓ

)

≥ 1

e2ℓ

(

a

ℓ

)

.Proof of Lemma 6. By a ≥ ℓ2 − 1 and 1 + x ≤ ex we get:
(

a

ℓ

)

≥ (a + 1 − ℓ)ℓ

ℓ!
=

aℓ

ℓ!
(

1 + ℓ−1
a−(ℓ−1)

)ℓ
≥ aℓ

ℓ!
(

1 + ℓ−1
(ℓ2−1)−(ℓ−1)

)ℓ

=
aℓ

ℓ!
(

1 + 1
ℓ

)ℓ
≥ aℓ

eℓ!
. 12



On the other hand
(

a/2

ℓ

)

/

(

a

ℓ

)

=
a(a − 2) . . . (a − 2(ℓ − 1))

2ℓa(a − 1) . . . (a − (ℓ − 1))
. (17)By a ≥ 2ℓ2 ≥ ℓ2 + ℓ − 2 for 1 ≤ i ≤ ℓ − 1 we have

a − 2i

a − i
= 2− a

a − i
≥ 2− a

a − (ℓ − 1)
= 1− ℓ − 1

a − (ℓ − 1)
≥ 1− ℓ − 1

ℓ2 − 1
=

1
(

1 + 1
ℓ

) .(18)By (17) and (18) we have
(

a/2

ℓ

)

/

(

a

ℓ

)

≥ 1

2ℓ
(

1 + 1
ℓ

)ℓ
≥ 1

e2ℓwhih ompletes the proof of Lemma 6.Let
H

def
=

1

e2ℓ

N−ℓ
∑

d2k=N−2ℓ2+1

(

d2k − 1

2k − 1

)(

N − d2k

ℓ

)

. (19)By Lemma 6 from (16) we obtain
L ≥

N−2ℓ2
∑

d2k=2k

(

d2k − 1

2k − 1

)(

(N − d2k)/2

ℓ

)

≥ 1

e2ℓ

N−2ℓ2
∑

d2k=2k

(

d2k − 1

2k − 1

)(

N − d2k

ℓ

)

≥ 1

e2ℓ

N−ℓ
∑

d2k=2k

(

d2k − 1

2k − 1

)(

N − d2k

ℓ

)

− H. (20)Consider how many ways we an hoose from the integers 1, 2, . . . , Nexatly 2k + ℓ piees. This is trivially ( N
2k+ℓ

). On the other hand if we �xedthe value of the 2k-th largest integer from these 2k + ℓ piees, let it be d2k,then the number of the possibilities is (d2k−1
2k−1

)(

N−d2k

ℓ

). Therefore
(

N

2k + ℓ

)

=

N−ℓ
∑

d2k=2k

(

d2k − 1

2k − 1

)(

N − d2k

ℓ

)

. (21)By Lemma 6 we have
(

N

2k + ℓ

)

≥ N2k+ℓ

e(2k + ℓ)!
. (22)13



By (20), (21) and (22) we have
L ≥ N2k+ℓ

e22ℓ(2k + ℓ)!
− H. (23)Lemma 7

H =
1

e2ℓ

N−ℓ
∑

d2k=N−2ℓ2+1

(

d2k − 1

2k − 1

)(

N − d2k

ℓ

)

≤ N2k+ 2

3
ℓ

e22ℓ(2k + ℓ)!
.Proof of Lemma 7. By the Stirling-formula if d2k ≥ N − 2ℓ2 + 1 we have:

(

N − d2k

ℓ

)

≤
(

2ℓ2

ℓ

)

<
(2ℓ2)ℓ

ℓ!
≤ (2ℓ2)ℓ

(

ℓ
e

)ℓ
≤ (2eℓ)ℓ. (24)On the other hand

(

d2k − 1

2k − 1

)

≤ N2k−1

(2k − 1)!
=

1

(2k + ℓ)!

(2k + ℓ)!

(2k − 1)!
N2k−1 ≤ (2k + ℓ)ℓ+1

(2k + ℓ)!
N2k−1.(25)By ℓ ≤ k and 67k3 ≤ N :

H ≤ 1

e2ℓ

(

2ℓ2(2eℓ)ℓ (2k + ℓ)ℓ+1

(2k + ℓ)!
N2k−1

)

≤ 1

e22ℓ(2k + ℓ)!

(√
6ek
)2ℓ+3

N2k−1

≤ 1

e22ℓ(2k + ℓ)!
N2k+ 2

3
ℓwhih proves Lemma 7.By Lemma 7, (23) and N > 200 we have

L ≥ N2k+ℓ

e22ℓ(2k + ℓ)!

(

1 − 1

N ℓ/3

)

≥ N2k+ℓ

9 · 2ℓ(2k + ℓ)!
. (26)From (15) and (26) and 2ℓ ≤ 2k ≤ (

√
2)2k+1 we have

(3
√

2(2ℓ + 1))(2k+1)/2 (2k + ℓ)!

k!(2ℓ − 1)!
C2k+1

2ℓ + 2ℓ (2k + ℓ)!

ℓ!(2k)!
N2k−ℓC2

2k+1(EN)

≥ N2k−ℓ+1

9
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Here,
(2k + ℓ)!

k!(2ℓ − 1)!
≤ (2k + ℓ)2k−2ℓ+2

k!
≤ (3k)2k

(

k
e

)k
≤
(

9e2k
)(2k+1)/2

(2k + ℓ)!

ℓ!(2k)!
≤ (2k + ℓ)ℓ

ℓ!
≤ (3k)ℓ

(

ℓ
e

)ℓ
≤
(

8.16
k

ℓ

)ℓ

.Thus
(

17
√

k(2ℓ + 1) C2ℓ

)2k+1

+

(

17
2k + 1

2ℓ

)ℓ

N2k−ℓC2
2k+1 ≥

1

9
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