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Abstract

Hubert, Mauduit and Sarkozy introduced the pseudorandom mea-
sure of order £ of binary lattices. This measure studies the pseudo-
randomness only on box lattices of very special type. In certain appli-
cations one may need measures covering a more general situation. In
this paper the line measure and the convex measure are introduced.
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1 Introduction

In [10] Mauduit and Séarkézy initiated a new constructive approach to

study pseudorandomness of binary sequences

Ey={e1,...,en} € {—1,+1}". (1)
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They introduced several different measures of pseudorandomness of sequences
of this type: the well-distribution measure; the correlation measure of order
k; the combined pseudorandom measure of order k; the normality measure
of order k. They also showed that the Legendre symbol forms a “good”
pseudorandom sequence in terms of these measures. Later many related
papers have been written in which these pseudorandom measures are studied,
further sequences are tested for pseudorandomness, or further constructions
are given for sequences with good pseudorandom properties. In [6] with
Mauduit and Sarkozy we surveyed some further details of the related work,
and we also presented a list of references.

In [9] Hubert, Mauduit and Sarkozy extended this theory of pseudoran-
domness of binary sequences to n dimensions. They introduced the following
definitions:

Denote by I} the set of n-dimensional vectors whose coordinates are

integers between 0 and N — 1:
IV ={x=(x1,...,2,): ; €{0,1,...,N —1}}.

This set is called an n-dimensional N -lattice or briefly an N -lattice.
They extended the definition of binary sequences to n dimensions by

considering functions of type

n(x): Iy —{=1,+1}. (2)
If x = (z1,...,2,) so that n(x) = n((z1,...,2,)) then we will simplify the
notation slightly by writing n(x) = n(xy,...,,). Such a function can be
visualized as the lattice points of the N-lattice replaced by the two symbols

+ and —, thus they are called binary N-lattices.



In [8] the definition of I}, was extended to more general lattices in the fol-
lowing way: Let uy, us, ..., u, be n linearly independent vectors over the field
of the real numbers such that the i-th coordinate of u; is a positive integer and
the other coordinates of u; are 0, so that u; is of the form (0, ...,0, z;,0,...,0)
(with z; € N). Let t1,1s,...,t, be integers with 0 < ¢y, ¢s,...,t, < N. Then

we call the set
By ={x=zu1+--+z,uy: 0<uz;|u <t;(<N)fori=1,...,n}

an n-dimensional box N -lattice or briefly a box N -lattice.
In [9] Hubert, Mauduit and Sarkézy introduced the following measures of
pseudorandomness of binary lattices (here we will present the definition in

the same slightly modified but equivalent form as in [8]):

Definition 1 The pseudorandom measure of order ¢ of the binary lattice n

of form (2) is defined by

Qeln) =, max ;Bn(x+d1) on(x +dy)| (3)
where the mazximum is taken over all distinct dy,...,dy € I3 and all box

N-lattices B such that B +dy,...,B+d, C I}.

Then 7 is said to have strong pseudorandom properties, or briefly, it is
considered as a “good” pseudorandom binary lattice if for fixed n and ¢ and
“large” N the measure QQ;(n) is “small” (much smaller, than the trivial upper
bound N™). This terminology is justified by the fact that, as it was proved
in [9], for a truly random binary lattice defined on I} and for fixed ¢ the

measure @Q¢(n) is “small”; more precisely, it is less than N™?2 multiplied by
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a logarithmic factor (see [3| and [4] for more precise results concerning the
one-dimensional case). The construction of a binary N-lattice n for which
Q¢(n) is so small (for every fixed ¢) was also presented in [9]. Later further
binary lattices with strong pseudorandom properties have been constructed,
a list of related references is given in [6].

Based on these facts we may say that n possesses strong pseudorandom
properties if Qy(n) is small at least for small values of . However, it may
occur that this measure is not sufficient to study pseudorandomness of binary
lattices. In certain applications one may need more general measures and
indeed in (3) the box lattice B is of very special form.

In [7] we introduced three different types of symmetry measures in order
to study the symmetry properties of binary lattices. All these measures
were extensions of the one-dimensional symmetry measure introduced and
studied in [5]. Other one-dimensional measures can be generalized to higher
dimensions similarly. Note that the measure Qy(n) in Definition 1 is the n-
dimensional generalization of the one-dimensional combined measure Q¢(Ex)

introduced in [10]:

Definition 2 The combined (well-distribution-correlation) measure of Ey

is defined by

t

Qz(EN) = anz}%)z() ZO €atjbtdi Catjbtds - - - Catjbidy
J:
where the maximum is taken over all a,b,t, D = (dy,ds, . .., ds) such that all

the subscripts a + jb + d; belong to {1,2,...,N}.

Here we will present two further several dimensional generalizations of this

measure Qy(Ey). Then we will show that for truly random binary lattices
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these measures are small. Then we will present a construction with strong

pseudorandom properties.

2 The convex measure

As we mentioned the form of the box-lattices B in the definition Q,(n)
is very restricted. Clearly, one needs some assumptions on the shape of the
sets B in (3), but one must not be too specific. In the following definition we
will take the maximum over convex polytopes, which are natural candidates

for defining a new measure.

Definition 3 Let n : Iy — {—1,+1} be a binary lattice. The convex

measure of order ¢ of n is defined by

Xe(n) = max | Dm0+ di). . n(xtdo), (4)
xeEKNIY,
where the mazimum 1is taken over all distinct di,do,...,dy € I3 and all

convex polytopes K C [0, N — 1| such that K +d4,..., K+d, C [0, N —1]".

The convex measure X;(n) and the pseudorandom measure Q,(n) are

probably independent of each other but it seems very difficult to prove this.

3 The line measure

Both the convex measure and pseudorandom measure can be estimated
by the line measure defined in this section. In order to introduce this new

measure we need a definition from [7].



Definition 4 L C I} is a segment if L is of the form
L={x=(x1,...,2,): x1 = art+by,...,x, = apt+b,, t €{0,1,..., M—1}}

(with M < N) where a;,b; € Z for i = 1,2,....,n and (ay,...,a,) #
0,...,0).

Next we introduce the line measure.

Definition 5 Let Iy — {—1,4+1} be a binary lattice. The line measure of
order ¢ of n is defined by

where the maximum s taken over all distinct dy,...,d; and all segments L

such that L +dy,...,L+d, C I}.

We will show that the measures X,(n), Q¢(n) can be estimated in terms

of Ly(n):

Theorem 1 For every binary lattice n: I, — {—1,+1} we have
Xo(n) < N"Ly(n).
Theorem 2 For every binary lattice n = Iy — {—1,4+1} we have

Qe(n) < N 'Ly(n).

Next we give constructions for which the pseudorandom measure or the

convex measure is almost minimal, but the line measure is maximal. Consider
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two binary N-lattices such that the first binary lattice has possibly small
pseudorandom measure, while the second binary lattice has possibly small
convex measure. We take one of these two binary lattices and we denote it

by 1. Consider the segment
L={x=(x1,29,...,0p): x1=29=---=x, =t t€{0,1,...,N—1}}.
For x € L we change the value of n(x), for x € L let

nx) =1,

while otherwise the value of 1 remains unchanged. Then in both cases, the
pseudorandom measure or the convex measure is small, it differs from the
minimal value at most by N, while the line measure is maximal.

Proof of Theorems 1 and 2 The proof is similar to the one in [7], but for
the sake of completeness we present it here. Let K be a convex polygon or a

box-lattice. We will prove that in both cases we have

D n(x+d).p(x+dy)| < N Ly(n). (5)

zeKNIY
From this the theorem follows. K + dy N I} is a disjoint union of seg-

ments Ky, Ky, ..., Kg lying along the lines L where L; i ., =

11,eenyin—1 1

{(il,...,in_l,t)itER}) fori;, =0,1,..., N—1,...,i,.7,=0,1,...,N — 1.
Then S < N* 1.



K,

KjL/Erl K> O\

Figure 1.

Using this and the triangle inequality

which was to be proved.

4 The line measure for truly random binary
lattices

In this section we will show that the line measures of a truly random
binary lattice  : I3 — {—1,+1} are “small”. By Theorems 1 and 2 it follows
that the convex and pseudorandom measure of a truly random binary lattice
are also small (more precisely, we get in this way that they are < N7~1/2+o(1)

while the best possible bound is probably < N7"/2t°())  We denote the
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probability of an event £ by P(£), and the expectation and standard deviation

of a random variable £ are denoted by M (£) and D(), respectively.

Theorem 3 For every ¢ > 0 there are numbers Ny = Ny(g) and § = dy(¢)
such that if N > Ny(e) and we consider a truly random binary lattice n :
I3 — {=1,+1}, i.e., we choose every binary lattice n : I3 — {—1,+1} with

probability 2N then we have
P (Le(n) > 6N"?) > 1—¢ (6)

and

P (Le(n) < 10(Nlog N)'?) > 1 —e. (7)

Proof of Theorem 3 First we prove (6). Consider the segment L =
{(0,29) : x5 € {0,1,...,N — 1}}. The intersection of this segment and

the binary lattice is a binary sequence Ex = {ey,e€s,...,enx} where
e; =n(0,i—1).
By Theorem 2 in [4] and using also Q,(Ey) > Cy(Ey) we have
P(Qu(EN) > 6NY?) > 1 —¢.

From this immediately follows (6).
Note that Alon, Kohayakawa, Mauduit, Moreira and Rédl proved in The-

orem 1 in [2] that if £ is even then Q(Ey) > Cy(Ey) > /N, and from this
Proposition 1 For every binary lattice n and even £ we have
Li(n) > VN,

where the implied constant factor depends only on £.
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Next we prove (7). We will adapt the method used in the one dimensional

case in [4]. This will be a consequence of an upper bound for

2v

Sne(v) = Z Z Z Zn (x+dq)...(x+dy)|

n: 13, —{-1,41} D=(d1,...,d,) L: L+d;CI3, |z€L
for 1<z<€

(8)
where the first sum is taken over all binary lattices n: I3 — {—1,+1}, the
second sum is taken over all /-tuples D = (dy,...,d,) with different vectors
di € {(z,y): z,ye€ Z, —(N —1) <z,y < N—1}, and the third sum is
taken over all segments L with L+d;,...,L+d, C I%. We may rewrite (8)

by using the slightly simpler notation:

Swel) =22 2

The sum above can be rewritten as

Sn.e(v ZZZDL (9)

2v

2v

an+d1 (x+dy)

z€L

)

where

205 =2,

Zn (x+dy)...n(x+dy)

zeLl

L] = {2 = (z1,22) : $1=a1t+b1, zp=aty +by, t €{0,1,...,. M —1}}| =

M < N'* then clearly

2D0=3.

Assume now that

2v
<y M <2 M (10)

n

an—i—dl .n(x+dy)

zeL

NY* < M =|L| < N. (11)

Let d; = (al(1 d ) Forx € L, x = (ait+0by, ast+by) write n(x+dy) ... n(x+

do) = n(art+b+d ast+by+d?) . n(at+b+dy at+by+di7) = A,
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Then by the multinomial theorem

zz > ooy 2

|
s=1 0<i1 < <is<M—-1 g1+ +]572v J1: ‘78
1<g1,..,s

Observe that each A; € {—1,+1}, and thus the value Ag depends only on

the parity of j: Ag = 1if j is even and A{ = A; if j is odd. Let Z; denote the

contribution of those terms for which at least one of ji, ..., js is odd and let
Z5 denote the contribution of the terms such that each of j,..., j, is even,
so that

Z(D,L) =71+ Zs. (12)

All the terms in Z; can be replaced by a term of the form constant times

Ay oo  Ap, where u <20, 0<r <---<r, <M. Thus Z; can be rewritten

in the form
=> > alm,.m ZATI.. (13)
u<20 0<r1 <---<ryy <M
(where the coefficients a(rq,...,7,) are non—negatlve integers independent

of ). Replace A,, again by n(x; + d1)n(x; + dz)...n(x; + dy) for each of
i=1,2,...,u where x; = (ay7; + by, asr; + by). Without loss of generality we
may assume that x; is minimal in lexicographical order among xq, ..., Xy.

We may also suppose that d; is minimal in lexicographical order among

dy,...,d,. Then each term is of the form
Ao A, = n(xg +dy)n(ve)® . on(vy)®
where x1 +d; < vg < --- < v, follow in lexicographical order and ¢; € N for
i=2,3,...,z Then the innermost sum in (13) is
oN? -2 > n(va)® .. n(vy)% > n(x1 +dy). (14)
77(V2)7---J7(Vz)€{*17+1}2 77(X1+d1)€{717+1}
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Here the inner sum is 0 so that the innermost sum in (14) is always 0 and
thus

71 =0. (15)

In Z; we may replace each j; by 2¢; and then we may use the fact that

the inner sums are independent of 7:

(2v)!
ZZ Z Z (2g1)!...(2gs)!

s=10<i1<<is<M—1g1+-+gs=v
1<91 ..... Js

N2 - (2v)!
=2y > > 2ol 2!

s=1 0<i1 < <is<M—19g1+-+gs=v
1§gl 7777 s

To compute this sum observe that, by a similar argument,

def v
Flyi,...,ym) = g (foyo + -+ frr—1yn—1)?
fo,eonfm—1€{-1,+1}

M > (2v)! 291 295
=2 Z Z Z (291)!...(29)‘%1 oY

s=1 0<i1 < <is<M—1g1+-+gs=v
1<g1,.-,9s

Substituting yo = -+ - = yp—1 = 1, we obtain F(1,1,...,1) = oM=N?7. On

the other hand, F/(1,1,...,1) is easy to compute: if
Hfi: 0<i<M-1, fy=—-1}=h (16)

then

Jot -+ fur=M—2h

and there are (Z\If) M-tuples satisfying (16). Thus

2MN222:F(1,1,...,1):i<]\h4)(M 2h)? MZ( )M_2h>2v

h=0 =0
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Now we fix the value of v: let
v = [8(log N]. (17)

Write B, = (M) (M — 20)* so that 2¥-N*Z, <25 M9 B,

A little computation shows that for h < M /2 we have

Brn _ M—h( 2 \*
B,  h+1 M —2h

and clearly this is decreasing on the interval 0 < h < M /2 — 1. Thus writing

H = M/2—+vM, by (11) and (17) for h < H

Bh+1>M—H(1 2 )2”_ M/2 +vM <1 1 )2”
B, — H+1 M —2H M/2 —vuvM +1 VoM

= (14 (1 0()4V/o/M) (1= (14 0(1))2¢/0/M) > 1

It follows that writing Hy = [M/2—+vvM +1] we have By < By < - -+ < Bp,,

whence

(M)/2] (M)/2]

oM+1-N? 7, <QZBh_QZBh+2 Z By,

h=Hp+1
[M/2]

<2 ZBHO+ > ( ) — 2h)%

h=Hy+1

<2 <2HOBH0 + (M — 2Hy)* i (A}f )
<2 <M (Pj\[i) (M — 2Hp)* + (M — 2H0)2”2M>
< 2MH(M 4+ 1) (M —2 <% — \/U—M))2

< 2MIN[ (4o M) for (NH)Y* < M < N. (18)
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It follows from (9), (10), (12), (15) and (18) that

Spa(v) =Y > zZMmD)y+ > Z(M,D)

L: L+d;CI% L: L+d;CI%
for 1<i</ for 1<i</¢
|L|=M<N1/4 NY4<|L|=M<N
2 2
< § Nt § 2N MY 4 N § N2 (gy) NV
D M<N1/4 NU4<w<N

< N4Z Z oN? \jv/2 +Nv+22N2+2(4v)v

D\ M<n1/4

< 2N2N4 Z (Nv/2+1/4 + 4Nv+2(4v)v)
D

<52V N4y Y (19)
D

Each d; in D = (dy,...,dy) satisfies d; € {(z,y) : z,y € Z, —(N —1) <

x,y < N — 1}, thus it can be chosen in at most 4N? ways so that
> 1< (@2N)* (20)
D
It follows from (19) and (20)
Sne(v) < 52V NY(2N)240 (40)°. (21)
On the other hand, writing X = 10(¢N log N)/?
2v
— 2v >
SXOE D YUCHAVEEDS (1 V(B. 2. D)
" 7

=" Qum* = X¥ [{n: 13— {~1,41}: Qu(n) > X} (22)
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It follows from (17), (21) and (22) for N > Ny(¢)

1
P(Q/>X) = oN? [{n: I — {=1,+1} : Qu(n) > X}| < 5NY(2N)*H0(4v) X~
< BNV(2N)*F6(40)(1006N log N) ™% < 5(2N)* 1637 = 15(2N)* 0371

< 15(2N>8Z379210gN < 15(2N>8Z(1710g3) < 15<2N)1flog3

and this is < ¢ if IV is large enough in terms of € (since 1 —log 3 < 0), which

completes the proof of (7).

5 A construction with strong pseudorandom
properties

Next we will present a construction for which the line measure of order ¢

is small.

Theorem 4 Let p be a prime. Define

f(x1,20) = H filz1 + Ajxs)
i=1

where fi(z) € Fylx] is a one-variable irreducible polynomial fori=1,2,...,r
and Ay, Ay, ..., A, € Fy, are different. We also suppose that the degrees of

the polynomials f; are different and p — 1 > deg f; > 2. Define the binary

o - (1Y, @

p
Let k = deg f(x1,25). Then for £ < (2r — 3)Y/2 we have

p-lattice n by

Ly(n) < ktp**logp.
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(Note that by Theorems 1 and 2 this upper bound for L,(n) implies that
X¢(n) and Qq(n) are also o(p?).)

(We note that the smallest possible value of k is 243+ - -+(r+1) = MT?”")
Proof of Theorem 3 First we note that f;(x) € F,[z] is irreducible, thus
fi(z1 4+ A;zo) is never zero, so that n(zy,x2) in (23) is well defined. Let L be

a segment of 7, thus
L={x=(x1,29) : x1 =art +by, xo =ast +by, t €{0,1,.... M —1}}

(with M < p) where ay,b1,a2,bo € Z and (ay,as) # (0,0). Let D =
(dy,...,dy) be an (-tuple such that the d;’s are different and L + d; C I,°.

We will prove that

Zn(x +dy)...n(x+dy)| < klp*?log p.

Since L +d; C Ig we may assume that 0 < a1 < p, 0 < as < p. Let

d; = (dV,d"?). Then

ARt}

SMFZE:(ﬂx+my“f@+d@M

xeL p

=0 p

In the factorization of f(ait+ b + dgl), agt +by+d3) -+ flayt +by + dél), ast +

by + d?) the following irreducible factors appear:

Fillagt+by+d) = Aj(ast + by +d2)) forj=1,....r i=1,...,( (24)
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The degree of one of these polynomials in ¢ is 0 if a3 — Ajas = 0 (mod p)

and deg f; otherwise. By (5) +2< ZQTJF?’ < r there is an A; for which

a; — Ajas #0 (mod p), (25)

d) — D — A(d? —d?) £ 0 (mod p) for L Su,v <L, urtv. (26)

u v

(We used here that (a1,a2) # (0,0) and d, # d,.) Fix a j for which (25)
and (26) holds.

Consider the irreducible factors
fillant + by +dV) — Aj(agt + by +d2))  fori=1,2,...,0.  (27)

The main coefficients of these factors are the same. Their degree is deg f;,
which is different from the degree of other irreducible factors in (24). We will
also prove that the irreducible factors in (27) are different. It follows from
this that the product f(at+b +d§1), ast + by +d§2)) < flagt+by +dé1), at +
by + df)) is not of the form cg(t)? since the multiplicity of the irreducible
factor f;((a1t+ b1+ dgl)) — Aj(agt +by+ dgz))) € IF,[t] is 1 in the factorization
of flagt + by +d\" ast + by +dP) - flayt +by +d, ast + by + d¥) € F[t]
into irreducible polynomials.

Suppose that two irreducible factors in (27) are the same:
fil(art+bi+dM) = Aj(ast+ba+dD))) = fi((art+by+dD) — Aj(ast+by+d))

Let A = a1—Ajas, B = by+d) — A;(by+dD), € = dV —di) — A;(dP —d?).
Here A# 0, C'# 0 (mod p) by the definition of A;. Then

fi(At +B) = f;(At+ B+ C).
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Substituting t = A~'(Z — B) we get
1i(Z) = fi(Z + ©),
whence
[i(Z) = [i(Z+C) = [;(Z+20) = --- = [i(Z+ (p - 1)C).
Since {aC : a € F,} =T, we get
filZ2)=Fi(Z+1) =fi(Z+2) == [{(Z+p—1).

Thus Z? — Z | f;(Z) — f;(1) which contradicts deg f; < p.
Thus we proved that f(a;t+b —l—dgl), a2t+b2+d§2)) - flagt+by —i—dgl), ast+

by + df)) is not of the form cg(¢)?. We will use the following lemma.

Lemma 1 Suppose that p is a prime, x s a non-principal character modulo
p of order d, f(t) € F,[t] has s distinct roots in F,, and it is not a constant
multiple of the d-th power of a polynomial in F,[t]. Let v be a real number

with 0 < v <p. Then for any u € F,:

< 9sp!/? log p.

> X))

u<t<u+v

Proof of Lemma 1. This is a consequence of Lemma 1 in [1] which was
derived from Weil’s theorem [11].

By using Lemma 1 we get
1S.p| < kip**log p,

which was to be proved.
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