Concatenation of Legendre symbol sequences

Katalin Gyarmati

Abstract

In the applications it may occur that our initial pseudorandom
binary sequence is not long enough, thus we have to take the concate-
nation of it with another pseudorandom binary sequences. Here we
will consider concatenation of Legendre symbol sequences so that the
resulting longer sequence has strong pseudorandom properties.
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1 Introduction

In a series of papers Mauduit and Sarkozy (partly with further coauthors)

studied finite pseudorandom binary sequences

EN = {61,62, c. .,€N} € {—1,+1}N
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In particular, in Part I [9] first they introduced the following measures of

pseudorandomness:
Write
U(En,t,a,b) = Z€a+Jb
and, for D = (dy,...,d,;) with non—negatlve integers d; < --- < dp,
M
V(En,M,D) =" enia,Cnids - - Entd- (1)
n=1

Then the well-distribution measure of Ey is defined as

-1

E €a+jb

7=0

W(EN) = mIZ}X|U(EN,t a,b)| = max

)

where the maximum is taken over all a, b, such that a,b,t € Nand 1 < a <

a+ (t—1)b < N, while the correlation measure of order ¢ of Ey is defined as

Cy(EN) = maX|V(EN,M D)| = max , (2

E €n+d1 €n+d2 s €n+d[

where the maximum is taken over all D = (dl, dy,...,dy) and M such that
1<di<dy<---<dy<M+d, <N.

Then the sequence Ey is considered as a “good” pseudorandom sequence
if both measures W (Ey), Cy(Ex) (at least for small ¢) are “small” in terms
of N (in particular, both are o(N) as N — o).

It was shown in [9] that the Legendre symbol forms a “good” pseudoran-

dom sequence. More exactly, let p be an odd prime, and
n
N=p-1, e, = (—), En ={e1,...,en}.
p
Then by Theorem 1 in [9] we have

W (Ey) < p/*logp < N'?log N
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and

Co(En) < lpY*logp < (NY?1og N.

Numerous binary sequences have been tested for pseudorandomness by J.
Cassaigne, 7. Chen, X. Du, L. Goubin, X. Guozhen, S. Ferenczi, S. Li, H.
Liu, C. Mauduit, L. Mérai, S. Oon, J. Rivat, A. Sarkozy, G. Xiao, C. Zhixiong
and others. In the best constructions we have W (Ey) < N'/?(log N)¢ and
Cy(En) < NY2(log N)*, where c, ¢y, cs, . .. are positive constants. However,
most of these constructions produced only a “few” pseudorandom sequences;
usually for a fixed integer NV, the construction provided only one pseudoran-
dom sequence Ey of length N. First L. Goubin, C. Mauduit, A. Sarkézy [2]
succeeded in constructing a large family of pseudorandom binary sequences.

Their construction was the following:

Construction 1 Suppose that p is a prime number, and f(x) € Fylz] is a
polynomaal with degree k > 0 and no multiple zero in Fp. Define the binary

sequence E, = {e1,...,e,} by

e, = (an)) for (f(n),p) =1,
+1 for p | f(n).

(3)

It turns out that under some not too restrictive conditions on p or the
degree of the polynomial, the pseudorandom measures of F, are small. Indeed
Goubin, Mauduit and Sarkozy [2] proved the following.

Theorem A If p is a prime and f(x) is a polynomial as it is described in

Construction 1, then for the sequence E, defined by (3) we have

W(E,) < 10kp'/*logp.
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Moreover, assume that for ¢ € N one of the following assumptions holds:
(i) 0 =2;

(i1) € < p and 2 is a primitive root modulo p;

(iii) (4k)* < p.

Then we also have

Cy(E,) < 10kép*?log p.

Since then numerous other large families of pseudorandom sequences have
been constructed (see (3], [4], [5], [7], [8] and [10]).

In this paper first we will give a further condition on the polynomial f(z)
which guarantees that the correlation measures are small (so that the some-
what inconvenient assumptions (i)-(iii) can be replaced by another, perhaps,
simpler one). It is very easy to generate polynomials which satisfy this con-
dition. Next we will adapt the method of this construction for constructing
pseudorandom sequences whose concatenation also possesses strong pseudo-

random properties.

Theorem 1 Suppose that p is an odd prime, R € N, f(x) € F,[z] is a

polynomial which is of the form

f@)= (" —ar) (2* —az) -+ (2" — ax) (& — 1), (4)

where 0 < k < R, the a;’s are different quadratic non-residues modulo p so
that (%) = —1 for 1 <i < k. For each of these polynomials f, consider the
binary sequence E, = E,(f) defined by (3), and let F denote the family of

all binary sequences obtained in this way. Then for any 2 < { € N and for



all f € F we have
Co(E,(f)) < Rip'*logp. (5)

Remark We note that a second degree polynomial 22 — a is irreducible over
[F, if and only if a is quadratic non-residue modulo p.

If f(x) is a polynomial of form (4) then its single zero is x = 1.

In Theorem 1 we did not estimate the well-distribution measure. For

f € F by Theorem A trivially we have
W(E,(f)) < Rp'*logp. (6)

It is a natural question why do we not consider polynomials of form
flz) = (2> —a1) (@* —ag) -+ (#* — a;)? 1In this case the sequence E,(f)
would be symmetric (e, = e,_, for 1 < n < p) which causes difficulties in

the applications (see [6]).

Although F in Theorem A contains many binary sequences with strong
pseudorandom properties, it may occur that there are certain relations be-
tween them. Let EI(,I), EI(;Q), E;(;3), e E,(,t) € {—1,+1}? be binary sequences
of length p. Let {EI(,U, EI(,2 , EI(,g), c Ez(,t)} € {—1,+1}" denote the sequence
of length tp obtained by writing the elements of EI(;I), E,(,z), E,(,?’), ceey El(f) €
{—1, +1}? successively. Our question is the following: for a fixed sequence
E,(,l) € F how do we choose further sequences EI(;Q), E,(,?’), NN EI(,t) € F such
that the longer sequence {Ez(,l),Ez(,Z),Ez(,g), co El(f)} € {—1,+1}* will have
strong pseudorandom properties? It is not true that for any choices of

different EI(,U, EI(,Q), cee Ez(,t) € F the sequence {Ez(,l), Ez(,Z), Ez(,?’), e El(f)} €



{—1,+1}" also has strong pseudorandom properties. Consider the following

example:

Then Ey, = {E,(,l), E,(,Q), E,(,3), Ez(,4)} has week pseudorandom properties. In-

deed; the correlation of order 4 is “large”

04(E4p) Z |V(E4p7pa (Oapa 2p7 3p))|

S5 ()
(02 — ay)(n — 1)) (<n2 —a)(n? — ay)(n 1)) .,

p p

- <(n2 - a1)2(n2p—a2)2(n - 1)4> Cispes

/N

n=1

Next we will give a sufficient condition for the sequence
{EI(,U,E},Z),E},?’),...,El(f)} € {-1,+1} having strong pseudorandom

properties.
Theorem 2 Suppose that p is an odd prime and

fi(@) = (2% —an)(@® — aw) ... (2° — ay, ) (x — 1),

fo(z) = (2% — an)(2® — a2) . .. (2% — agp,) (2 — 1),

filz) = (2* = an)(2” — a) ... (2% — ay, ) (2 = 1), (7)



where a1, G, . . ., a;y, are different quadratic non-residues modulo p for 1 <

1 < t. Moreover suppose that a;y = a,s if and only if i =v and 1 = s. Let

R= {rsl?éri +1= {rgl%}ideg fi(z).

Define Ez(,i) e F by E,(fi) in (3) with f; in place of f for 1 < i < t.
Then Ey, = {EI(,I), E,(,z), E,(,?’), . .,El(f)} € {—1,+1}" has strong pseudoran-

dom properties: for any 2 < ¢ € N we have

W(Ey) < tRp'/*logp, (8)

Cy(Ey,) < RI2 12 log p. 9)

Proof of Theorem 1

We will need the following lemma:

Lemma 1 Suppose that p is a prime, x s a non-principal character modulo
p of order d, f(z) € F,[z] has s distinct roots in F,, and it is not a constant
multiple of the d-th power of a polynomial over F,. Let y be a real number

with 0 <y < p. Then for any x € R:

< 9sp'/?log p.

> x(fn)

r<nlzr+y

Poof of Lemma 1
This is a trivial consequence of Lemma 1 and Lemma 2 in [1]. Indeed,
there this result is deduced from Weil’s theorem [11].

For any integers dy, ds,...,d, and M € N with

0<d <dy <---<dp<M++dy<p, (10)



the congruence
f(n+d;)=0 (modp), 1<n< M, 1<i</

has at most ¢ solutions (n = 1 — d; (mod p)). Thus writing <%> =0, we

have

M
V(E,, M,D) = g €n-tdy €ntdy - - - Entdy
n=1

M

() (1oi) (020
_ i (f(n+d1)f(n+d2) | ..f(n—i—dg))

IN

+/

+/

p

Write h(z) = f(x +dy)f(z +dg) ... f(x + ds). Then h(x) has no multiple

roots. Since the irreducible factors

r+d;—1and x +d; — 1,

x+d; — 1 and (x4 d;)? — as,

(x4 d;)* — a, and (z + d;)* — as

are different if d; and d; are different and a,, as are quadratic non-residues.
Thus we may apply Lemma 1 with (%) ,2 and h(z) in place of x,d and

f(z), respectively. The degree of h(x) is clearly less than R/, thus applying

Lemma 1 we obtain

\V(E,, M, D)| < (< 9RLp*logp + ¢ < Rlp*logp

)

n=1

for all dy,ds, ..., ds, M satisfying (10) which proves (5).
Proof of Theorem 2

By the definition of the well-distribution measure, it is easy to see that
W(Ey) < W(EY)+ W(E®) + ...+ W(EW). (11)
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By (6) we have W(E®) < Rp'/?logp. Using this and (11) we get (8).

Next we prove (9).

Lemma 2 Let fi, fo,..., fr € F,[z] be different polynomials. Suppose that
foralll <iy <ip <.---<iy <t by, by, ..., bp € F, (wherebs # b, if iy =1i,)
the polynomial ,

H iy (@ + b))

j=1
is never of the form cg(z)* with ¢ € F,, g(x) € Fplz]. Define EY e F
by E,(fi) in (3) with f; in place of f. Then the correlation measure of
E,={E" B EY . EYY e {—1,41}7 is

Ci(Ey,) < RI2 12 log p. (12)

We will prove Lemma 2 later. Let fi, f5,..., f; be polynomials of the
form (7). In order to prove (9), by Lemma 2 it is sufficient to prove that a

product of the form
‘
j=1
where 1 <4y <iig < -+ <4y < £, by, by, ..., by € F, and bs # b, if iy = 4, is

never of the form cg(z)? with ¢ € F,, g(z) € F,[x]. Here

folw+b1) = ((z+b1)* —an)(z+b1)* —ai,2) ... (2 4+ b1)* — agr, )z — 1),

Consider the multiplicity of the irreducible factor (z + b1)* — a;,; in the

product
¢
j=1
It is clear that (z +b;)? —a;,1 appears once in the factorization of f;, (z+b).

Suppose that one of fi, (z+bs), fi, (x+b3), . .., fi,(x+be) contains (x+b; )2 —a;,;
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as an irreducible factor. Say, f;,(z 4+ b;) (j > 2) has an irreducible factor,

namely, (z 4 b;)* — a;,q which is (x + b1)* — a;,1. Then

(z + bj)2 — Qjd = (7 + 51)2 — Q1

2+ 2bjx + b? — Q0 = 2% 4+ 20z + bf — Q1.

From this b; = b; (mod p) and a;;,¢ = a;,1 (mod p) follows. Since by = b,
(mod p) we have 7, # i;. But then a;,4 and a;;1 (mod p) are different, which
is a contradiction.

Thus (z + b1)? — a1 appears once in the factorization of H§:1 i, (x+bj).
So H§:1 fi,( + b;) is never of the form cg(x)* with ¢ € F,, g(z) € Fp[z].
Thus we may use Lemma 2, which proves Theorem 2. It remains to prove
Lemma 2.
Proof of Lemma 2 C,({ES",EY?, ..., EV}) is defined as the maximum
of Vs, see (2). Let {EI(;D, E,(,z), Ce EI(,t)} = {e1,e9,...,€,}. We will prove
that for D = (dy,ds, .. .,dy) with non negative integers d; < dy < -+ < dy,

M € N we have
M
> enidiCnids - - Enra,| < LORU2T P logp. (13)
n=1
For each d; and n define a;,, and y;,, by
n -+ dl = (yz,n — 1)]7 + Qi n (14>

where 1 < a;,, <p. Then

p

GO

Entd; =
+1 for p | fy.,.(n+d;).
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Suppose that we fix any positive integers j; < jo < --- < jp, and we would

like to determine the integers 1 < n < M such that

4
M) for (f;,(n+di),p) =1
En+dy = < p <fjl< 1)7p> 7
\ +1 for p | fj1(n+d1)'
4
M) for (fi,(n +ds),p) = 1
Cntds — ( p <fj2< 2)’p> 7
\ +1 for p | ij(n+d2).
(@) for (f;,(n+dy),p) =1,
en-f—de =

+1 for p | f;,(n + dp).

Then by (14) and (15)

. |:n+dg—1
Je= "

;. ] +1. (16)

Here 1 < j; = [%} +1< [%] + 1 =1t. It is easy to see that the
integers n which satisfy (16) form an interval. We will denote this interval by

L o € [1,2,...,tp]. (it can be the empty interval). Since j; = [%ﬂl} +1
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we see that |1}, j, ;| <p. Then by the triangle inequality we have

M
E en+d1 en+d2 e €n+d[
n=1

<
J1=1j2=1 Je=1
Ij17j2 ’’’’’ Je
fjl(”+d1)) (fje(n+dz))
s (aeew). (e

n€lj) jo,....5,
ptfiy (ntdi)-fj, (n+dyp)

t t t
PSP DEDY > !
J1=1j2=1 Je=1 €L} jo,dp
Livsdgonde 70 pl £, (ntdr)-+ £, (ntdy)

<
Jj1=1j2=1 Je=1
Ij1,j27~~wjﬂ£®
> (fﬁ(mdl)...fﬂ(mde)) '
p

n€lj gy, .5,
Pifjy (ntdi)-f5, (n+dg)

t t t
3D IEED )
=1 j2=1 Je=1
Ij17j2 77777 je#w

The theorem is trivial for £ > p'/2logp. For £ < p'/?logp by (17) and

Lemma 2
M t ot t
)DLTTIVRIIED o) SIS SENCT T )
n=1 J1=1j2=1 Je=1
Ij1,j27~~wj£
k t
<> > - ) 10R(plogp.  (18)
J1=1j2=1 Je=1
Ij1,j27~~wj£
tt t
It remains to estimate Z Z e Z 1. It is clear that j; may take t
J1=1j2=1 Je=1
Ij1,j27~~wjﬂ£®

different values. Next we study that for fixed j;, how many different values
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may j; assume. For the fixed j; we have

. n+d —1
R S
p

Thus

) n+d; —1 ]
J1—1§71<91

(h—Dp<n+d —1<jp

(i—Dp+di—di <n+d,—1<jp+d,—d;

g1— 14 - < <ji+ .
D D

, fd, — dy] vd,—11  [d-d
ji—1+ ! s{” }sm{ 1}
. P ] p p
o Tdi—dy] td—1 , d—d
g1+ ]s{” ]+1§ﬁ+1+{ 1}
2 P p
. -di_dl_ . . dz_dl
71+ <i<n+1+ .
2 p

It follows that for fixed j; each j; (2 <14 < /) may assume at most 2 different

values. Thus by (18)

M

E €ntdiCntde * " Entd,

n=1

< 10R02 " pt? log p,

which completes the proof.
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