On linear recursion and pseudorandomness

Katalin Gyarmati, Attila Pethd and Andras Sarkozy*

Abstract

Finite binary sequences are constructed by using linear recursion
modulo p and the Legendre symbol, and their pseudorandom proper-

ties are studied.

1 Introduction

C. Mauduit and A. Sarkozy [3, pp. 367-370] introduced the following
finite measures of pseudorandomness of binary sequences.

For a binary sequence

EN = {61, .. .,GN} € {—1,+1}N,
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write
t

U(EN, t, a, b) = Z ea—i—jb

j=1
and, for D = (dy, ..., dy) with non-negative integers 0 < d; < --- < dy,
M
V(Ey,M,D) =Y enia, - €nsa,
n=1

Then the well-distribution measure of Ey is defined as

§ €a+jb

where the maximum is taken over all a,b,t such that a € Z, b;t € N and

)

W(Ey) = mlz}i(\U(EN,t a,b)| = max

a,b,t

1<a+b<a+th< N, while the correlation measure of order { of Ey is

defined as
M
Cy(Ey) = maX\V(EN,M D)| = max Z€n+d1 e Cntdy |
n=1
where the maximum is taken over all D = (dl, ...,dy) and M such that

M+dy <N.

In this paper we will study finite binary pseudorandom sequences which
are defined by a linear recursion over [F,. More exactly, let z;,..., 2, € IF,
be the first h elements of the sequence, ¢y, ..., ¢, € IF, be the coefficients in

the linear recursion, so for n > h
(1) Tp = C1Tp_1 + Ty o+ -+ cpxy_p  (mod p).

In order to transform the sequence {x1, o, ...} in a binary sequence {ey, es, ...}
we define

o) . (%) if ptan,

1 if p |z,



where (%”) denotes the Legendre symbol.

From the definition of x,, it is clear that the sequence {x,} is periodic
with a period 7', and then the sequence {e,} is also periodic with 7. Con-
sidering only the first 7" elements of the sequence {e,} we get a finite binary
sequence {ey,es,...,er} = Ep, and we will study the pseudorandom prop-
erties of this sequence.

Unfortunately we cannot estimate the pseudorandom measures of all
sequences Ep defined by this way, however, we will describe a large class
of linear recursions for which the sequence Er has strong pseudorandom
properties.

It is well known that the elements of the sequence {z,} defined in (1)

can be expressed by the roots of the characteristic polynomial

h—1 h—2

" — e — e — . — ¢, =0 (mod p).

Suppose that this polynomial has h distinct roots in Fy: Ay, ..., Ap. Then

there exist constants ay, ..., a, € F, such that
Ty = @A) + -+ ap),  (mod p)

for all n € N. Let A € F, such that all roots \; (1 < i < h) are powers
of A (e.g. A can be a primitive root, or in the special case when all \; are

quadratic residues modulo p, then A can be the square of a primitive root

modulo p). Let A\; = ¥ for 1 < i < h and max{ky,...,k,} = k. Then

Ty = e A" g A = f(A") (mod p)
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where f(z) € F,[z] is a polynomial of degree k. Then for the sequence

{e1, €2, ...} we have

C ) sR) o
1 if p | f(A™).

The sequence {e,} is periodic with a period 7', where now 7' can be the

(3)

multiplicative order of \.
Since for not every linear recursion {x,} can we write the sequence {e, }
in form (3), it is more practical to define the sequence {e,} by (3), and

determine the linear recursion from this form. More exactly:

Definition 1 Let p be an odd prime, A € F, be of multiplicative order T
and f(x) € F,[z] be a polynomial of degree k. Then define the sequence

Er ={e1,...,er} by (3).

Throughout the paper we will use this definition and these notations: the
numbers p, k, A\, T and the polynomial f(z) will be defined as in Definition
1.

The next question is that how can we determine the linear recursion for
the sequence {x,} (where x, = f(A\"™) mod p) from the polynomial f(z) €

[F,[z] and the number A € F,. Write f(x) in the form
f(z) = ayz™ 4 - + apatn,
Then by computing the coefficients “—c¢;” of the characteristic polynomial
(x— M) (m— AN =2 — e — =gy,
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we obtain that the linear recursion for the sequence {z,} is
Tn = C1%n_1 + CoTp_n + -+ Cppp  (mod p).

We will give estimates for the pseudorandom measures of Er defined in
Definition 1, but these upper bounds will be non-trivial only if £, the degree
of the polynomial f(z) is < p'/2~¢ for some € > 0. For the well-distribution

measure we obtain the following:

Theorem 1 Suppose that f(x) is not of the form cx®(g(x))* with ¢ € F,,

a €N, g(z) e F,z]. Then
W (Er) < 5kpt/?logp.

Clearly, if f(x) is of the form ¢ (g(z))?, then the sequence Er contains

only +1’s or E7 contains only —1’s except at most k/2 pieces of +1, since if
g(1) =0 (mod p) then e; = 1 and otherwise e; = (W) = <§> If f(x)
is of the form cx(g(x))?, then e; = (f}) <%>Z for g(i) # 0 (mod p), thus the
sequence Fr is almost (apart from at most k/2 pieces of ¢;’s) periodic with
2.

In case of the correlation measure there is no non-trivial general upper
bound:

Let ¢ | T and f(z) be of the form f(x) = p(x)p(A\T/*x) where o(z) €
[F,[z] has no zero in F,. Then for the sequence Er defined in (3) we will

prove that
Co(Er) >

~| 4

)



which means that for small ¢ | T', the correlation measure of order / is large.

Indeed, by the definition of the correlation measure of order ¢, p(A\"*71) =
©(A™), the multiplicative property of the Legendre symbol and (A" +7/¢) £
0 for i € N we get

T/
Ci(Er) > Z CnCn T /LCnt2T /0 - - - Cr(0—1)T /¢

n=1

— TZM (w(A")w(A"”/“)) (w(wﬂf)@(v”ﬂ‘)) (w(A"+<e—l)T/“)w(A”>>
n=1

P P P
T/t 90()‘”)30()‘”+T/z) B .SO(AnqL(éfl)T/é) 2
-2 ( p ) =T/
n=1

which was to be proved.

Thus for ¢ | T there exists a polynomial f(z) for which C,(Er) is large.
This example shows that to assure that the correlation measure of order
¢ is small one needs further assumptions on the polynomial f(z) and the

integers T" and ¢. We will use the following definition.

Definition 2 We say that the polynomials p(x),¢(z) € F,lx] are equiva-

lent:
(4) P~
if there are ¢ € Fy, v € N such that p(r) = cp(N'x).

Clearly, this is an equivalence relation. Next we give an upper bound for

the correlation measure of order ¢:



Theorem 2 Let 3 € N be the largest integer with 2P | f(x) (thus x°*! 4

f(x)). Suppose that at least one of the following 4 conditions holds

a) { =2, and f(x)/z? is not of the form g(z°) or cx®(g(z))? with o, € N,

(0,T)>2,ceF, and g(x) € Fp[z].

b) f(x)/2P is not of the form cx®(g(x))* with a € N, ¢ € F, and g(z) €
Fplx], T (the order of \) is a prime and either min{(4k)*, (40)*} <T or

2 1s a primitive root modulo T';

¢) Consider the factorization f(z)/z® = o7 (x)...pP(x) where 3; € N
and ;(x) is irreducible over F,. Suppose that there is an equivalence
class defined by the relation ~ in (4), which contains exactly one factor
¢; (1 < j <wu) amongst the irreducible factors of f(z)/x”, moreover the

multiplicity of this irreducible factor ¢; in the factorization of f(z)/x"

is B = 1;
d) k — 3 (the degree of the polynomial f(x)/x") and ¢ are odd.

Then

Cy(Er) < 5kip*?log p.

In Theorem 2a) we are able to handle the case ¢ = 2 completely. Clearly,
if f(z) is of the form g(z?) with g(z) € F,[z], ¢ € N and (0,7) > 2,
then the sequence E7 is periodic with the period T/(T, o), and thus the

correlation measure of order 2 is greater than ZZ;T/(T’U) €neniT/(To) =



T —T/(T,o). (Similar situation holds if f(z) is of the form xg(z?) since
then e, = —en11/(1,0))-

In Theorem 2b), c¢) and d) we study the case ¢ > 2, and while these
conditions are sufficient to assure that the correlation measure is small,
they are not necessary. It is an important open question to describe all
polynomials f(z), integers T and ¢ for which the correlation measure of
order ¢ is small. (We remark that a similar additive problem with a prime
modulus in place of T was studied in [1].)

Usually, for a fixed polynomial f(z) it is not easy to check whether
condition ¢) in Theorem 2 holds. We will show that for a large class of poly-
nomials f(z) € F,[z] condition c) holds, and thus the correlation measure

is small. These polynomials will be characterized by their zeros:

Corollary 1 Suppose that f(x) has a zero p # 0 € F, of multiplicity 1,

such that f(z) has no other zero of the form Xp with 1 <i <T — 1. Then
Cy(Er) < 5ktp'/*log p.
Using this corollary we get, e.g., the following:

Corollary 2 Suppose that the order of X is T = (p — 1)/2, all the k zeros
of f(z) are in F,, and one of the zeros is quadratic non-residue modulo p,

while the other k — 1 zeros are quadratic residues modulo p. Then

Co(Ep-1y/2) < 5klp*/*log p.



Finally we would like to specify our results to the special case when

h = 2, i.e., the order of the linear recursion is 2:

Corollary 3 Assume that h =2, i.e., (1) is of the form

(5) Tp = C1Tp_1 + CoTp_o (mod p)

and assume that we have

(c? +402) _,
5 :

Denote the zeros of the characteristic polynomial of the linear recursion
(5) by Ay and Ay (A2 — c1\; — 2 = 0 (mod p)), then Ay, Ay € F,,. Suppose
that \; Z x2/z1 (mod p) fori=1,2.

Denote the multiplicative order of Ao/A1 by T, and define the sequence
Er={e1,...,er} by (2). Then we have

W(Er) < 9pl/2 log p

and

Co(Er) < 90p*?log p.

Here, the condition that xs/x; is not the root of the characteristic poly-
nomial is necessary, since if \; = x5/x; (mod p), the z,, = 21}, and thus

the sequence {e,} is periodic with period 2.



2 Proofs

The following lemma is a generalization of Lemma 3.3 in [4], and the
proof is also similar. Indeed, in [4] only that case is studied when X is a

primitive root, while Lemma 1 holds for all A € F},.

Lemma 1 Let p be a prime, x be a multiplicative character of order d with
2 <de N, \eTF, be of multiplicative order T, M, K € N with K < T.
Suppose that f(x) € Fylx] has exactly s distinct ones among its zeros.

(i) If f(x) is not of the form cz® (g(z))* with ¢ € F,, a € N g(z) € F,[x].

Then
M+K

(6) D x(F(M)| < 4sp'logp.
n=M+1

(i) If f(z) = ca® (g(x))" with ¢ € Fy, a € N and g(x) € Fylx], where

T {21 a, then
M+K d
(7) > XM <3
n=M+1

Proof of Lemma 1
If porT' <2 Lemma 1 is trivial, therefore we may assume that p, 7" > 3.

We will reduce the problem to the estimate of complete sums:

Lemma 2 Let p be a prime, x be a multiplicative character of order d with
2<deN, €T, be an element of multiplicative order T'. Suppose that

f(x) € Fplz] has s distinct ones among its zeros, and f(x) is not of the form

10



cx® (g(z))* with ¢ € Fr, a €N, g(r) € Fplz]. Then we have

T

> o x(f()

n=1

< sp'/?,

(8)

Proof of Lemma 2
The order of X is T thus A" (forn = 1,...,T) runs over all the T different

(p — 1)/T-th powers modulo p except 0. Moreover for fixed A and n,

A" = = 1/T

has exactly (p — 1)/T solutions in x. Thus replacing A by z®=1/T in (8)

we get
(9) > ”))‘ - Zx(f(x(”‘””))‘ .

Now, we will need the following lemma:

Lemma 3 Let p be a prime, x be a character of order d > 1. Suppose that
f(z) € Fplx] has exactly s distinct ones among its zeros and it is not of the
form f(x) = c(g(x))* with ¢ € F,, g(x) € F,lz]. Then

p—1

> x(f(@)

n=1

< (s— 1)p1/2.

Proof of Lemma 3

This can be derived from A. Weil’s theorem [6] (an elementary proof of
which can be found in [5]); see [2], [3].

Next we return to the proof of Lemma 2. We prove that f(z®~1V/T) is

not of the form ¢ (g(x))* with ¢ € Fr, g(x) € Fylz].

11



Consider the factorization of f(x) over F,:
f@)=clz —a)™ ... (v —a)*,

where ¢ € F, and ay,...,05 € ?p are different numbers. Denote by

€1,..-,Ep-1)1r € Fp the (p —1)/T different solutions of the congruence
2P VT =1 (mod p)

in z, and for each o; (1 <i < s)let p; € Fp be a number with

pl(pfl)/T - q;.

Then the factorization of f(x®~9/T) over F,, is

P Ty = T (T = plr= DTk

)

i=1
i=1
Suppose that in Fp
(10) cupi = Eup;

for some 1 <wu,y < (p—1)/T and 1 <i,j <s. Then

(€)™ = ()T
o; = O[j,
i= .

12



Then if u # y (so e, # ¢,) from (10) we obtain that p; = p; =0 (i = j), so
a; = 0.

Since f(z) is not of the form cz® (g(x))* with ¢ € ¥, a € Nand g(x) €
F,[z], thus f(z) has an a, # 0 zero (1 < v < s) of multiplicity t,, where
d t t,. Then g1p, is a zero of f(x®~V/T) with the same multiplicity t,,,
and since d 1 t,, thus f(z®/T) is not of the form ¢ (g(x))* with ¢ € F,
g(x) € Fyla].

The polynomial f(z) has exactly s distinct zeros, thus the polynomial

f(z®=Y/T) (in ) has at most s2&=* distinct zeros. Using Lemma 3 and (9)

T p—1,
< = B2} = gpl/2
—p—1(8 7P ) sp'”,

we get

S ()

which completes the proof of Lemma 2.

Since the order of X is T', there exists a character y; of order p — 1 for

which

(11) Yi(\) = e(=).

Throughout the proof of Lemma 1 x; will denote a character of order p — 1
with (11). Since x is a character of order d in Lemma 1, thus there exists

an integer m with (m,d) = 1 and
(12) e

First we prove part i) in Lemma 1. Let 1 <~ < p—2 be an integer. We

prove that the polynomial 27 (f(z))™®"Y/* is not of the form ca® (g(x))" ™

13



with ¢ € F,, @« € N and g(z) € F,[z]. Indeed, f(z) has a zero 0 # 3 € F,
with multiplicity ¢, which is not divisible by d. Then the multiplicity of 3
in 27 (f(x))™" % is tm(p—1)/d, and as d Jtm the integer tm(p — 1)/d is
not divisible by p — 1.

Using (12) and Lemma 2 we obtain

ZX ))X1(A"7)

By (11) we have

< (s+1)p*2

S (e

T-1 . .
POREXEURE S
v=0

By this and K < T we get

0 otherwise.

M+K M+T M+K
DooXUOM =] D x(r(vm) Y le (A=)
n=M+1 n=M+1 y= M+1 v=0
| ToL [ MK M+T
= |7 ( > x1<A—W>> ( > x(f(A">>x1<W>>'
=0 \y=M+1 n=M+1
| L] MK T
<=2 D X Z Xi(A")]
v=0 |y=M+1 n=0
For v = 0 we have ‘zn I (FOM ) () ‘zn “Ly ()], which is
less than sp'/? by Lemma 2, thus
(14)
M+K 1 T-1| M+K T-1
> x(rm) < T X1 (A7) XU ()| + sp'/2.
n=M+1 y=1 |ly=M+1 n=0
By (13) we have
M+K T-1| M+K
n (s + 1)171/2 1/2
(15) > x(rm)| < T DD xa)|+spt
n=M-+1 v=1 ly=M+1




Denoting the distance « to the nearest integer by |||, and using |1 — e(a)| >
4)|| and (11) we get |1 — x1(X)| = |1 — e ()] > 4[|Z]|. By using this and

the sum of geometric progression we obtain

16)
T-1| M+K -1 T/2 T

> ()< T <0 = < T(log(T/2)+1) < 145 Tlog T.
7=1 ly=M+1 =1 HTH y=1 v

By T <p-—1, (15) and (16) we get the statement of Lemma 1 i).
It remains to prove part ii) in Lemma 1. Suppose that f(z) = ca® (g(x))"

with c € F;, o € N, g(z) € Fy[z]. Since the order of the character y is d we

have:
M+K M+K
> x(f(A"))‘z > x|
n=M+1 n=M+1

By this, the sum of geometric progression, (11), (12) and |1 —e(«a)| > 4 ||

a || we get:
(17)
M+K
2 2 1
> MO < [y = < ST
n=M+1 11— x(A%)| ‘1_6(%” 2 || me-ba

T | p—1thus m(p—1)a/T is an integer. On the other hand by the condition
of Lemma 1 ii) we have T { (p — 1)a/d, so d t (p — 1)a/T. (m,d) = 1 thus

dtm(p — 1)a/T also holds. Therefore || ™20 ||>

o Using this and (17)

2.
we get Lemma 1 ii).
Proof of Theorem 1

Assume that a,b,t € Nand 1 < a+b < a+tb<T. We will give an

upper bound for U(Ey,t,a,b).
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The order of X’ is T/(T,b). Clearly, for fixed a and b, f(A\%) = 0
(mod p) has at most k solutions in x, thus f(A\**%) = 0 (mod p) has at
most k solutions in j with 1 < j < ¢ < T/(T,b). Write h(z) = f(A\).

Then defining (%) as 0 for p | a, we have

Uy tea ) =Y corn| < Z(%) i
. [ (o).

f(x) and h(x) are of the same degree, and if f(z) is not of the form
¢(g(x))* or cx (g(x))* with ¢ € I, g(x) € Fpla], then this also holds for
h(z). Thus we may apply Lemma 1 with (%) , 2,0, T/(T,b) and h(z) in

place of x(n),d, A\, T and f(z), then we obtain that

()

< 5kp'/? log p.

[U(En,t,a,b)| < +k < 4kp'*logp + k

which completes the proof.
Proof of Theorem 2

Consider any D = (dy,...,d,;) with non-negative integers d; < --- < d,

)

and positive integer M with M + d, < T. Clearly for fixed d, f(A\"*9)

/N
Qo

(mod p) has at most & solutions in n with 1 < n < T, thus (defining

16



by 0) we have

V(Ex, M, D)] = ienm...ew < i;(mTM))(WT”))'
(19 pre= |30 (L0 SO

If *(z) | f(z) for a p(x) € Fplx], then in Definition 1 the polynomials f

n n n 2
and f/¢? generate almost the same sequences: (%) — (f/wi)(/\ )) («’(z )> —

<w> if (A™) £ 0 (mod p), soif f(A") Z 0 (mod p). From this follows
that (19) also holds with f/¢? in place of f, thus throughout the proof of

Theorem 2 we may suppose that f is squarefree. We will use the following

lemma.

Lemma 4 Suppose that f(z) is squarefree, and at least one of the J condi-

tions a), b), ¢), d) in Theorem 2 holds. Then the polynomial

def

h(z) = f(X"2) - f(N")
cannot be of the form ¢ (g(z))* or cz (g(x))* with c € F, g(z) € Fylz].

We will prove Lemma 4 later. The degree of the polynomial h(z) is k¢,

thus from (19) by using Lemma 1 and Lemma 4 we obtain
\V(En, M, D)| < 4k(p'/*logp + kl < 5klp'/?log p.

which was to be proved. Thus to complete the proof of Theorem 2 it remains

to prove Lemma 4.
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Proof of Lemma 4

Write f(x) in the form 2°¢(z), where x { ¢(x). Then z { (A% 2) - - - q(\%x),
thus h(z) = f(A\%z)--- f(A\%x)) is of the form c(g(z))? or cx(g(z))? with
c € F,, g(x) € Fylz], if and only if g(A\“x) - - - g(A\%x) is of the form c(g(x))?
with ¢ € F), g(z) € Fp[z].

In order to complete the proof of Lemma 4 we will prove that ﬁ(x) def
q(A1z) - - q(A%z) is not of the form c(g(x))? with ¢ € F,, g(x) € F,[z].

First consider the case when condition a) holds in Theorem 2. We prove
that the polynomial h(z) = (A" x)g(A®2z) cannot be of the form ¢ (g(x))”
with ¢ € [, g(z) € Fp[x].

Let L denote the splitting field of ¢(z). Then

k

a(z) = ] (@ - o)

i=1
with c € F,, oy € L, 2 = 1,...,k and «y, ..., are pairwise distinct. It
follows that

g(A"'z) = cA* H — o/ A™)

and

g(\2z) = cwkH — i /A%).

We have a; /A% # a;/A% whenever i # j. Assume that h(z) = ¢ (g(z)).
Then all the roots of h(z) have multiplicity 2 and there exists a permutation
m:{1,...,k} = {1,..., k} such that

/A" = /A" 1<i<k.

18



We obtain

This implies

forany s € Z and 1 <1 < k.
Let o denote the multiplicative order of \%2~% je. let \7(@—d) = 1

Then 79 is the identical permutation and we obtain
(z—a;)(z — N2 Wa) (x— N D-di)g ) — 00 4 07 i=1,... k.

Thus o | k and o > 1 because A2~% =£ 1. Hence q(x) splits into factors of
the form 27 — of, i.e. ¢(x) = g(x7) with o > 1.

Since o is the order of A~% and T is the order of )\, we also have
T | o(dy—dy). |dy —dy| < T thus (o,7) > 2, which contradicts condition
a) in Theorem 1.

In order to prove Lemma 4 if one of the conditions b) and c¢) holds in
Theorem 2, write ¢(z) as the product of irreducible polynomials over F,,
then these irreducible factors are distinct. Let us group these factors so
that in each group the equivalent irreducible factors are collected (using the
equivalence relation described in Definition 2). We will use the following

lemma.

Lemma 5 Suppose that q(z) is squarefree, and h(z) = q(A\"x) - - - q(\%x) is

of the form ¢ (g(x))* with c € F, g(x) € Fylz]. Let cip(Ax), ..., crp( A7)

19



be a group formed by equivalent irreducible factors of q(z), and write A =

{ai,...,a.}, D ={dy,...,d¢}. Then for all v € Zr
a+d=~ (modT), ac A, deD
has even number of solutions.

Proof of Lemma 5

Writing h(z) = ¢q(A%x) - - - q(A%z) as the product of irreducible polyno-
mials over F),, all the polynomials (A% *%z) with 1 <4 <r, 1 < j < £occur
amongst the factors. All these polynomials are equivalent, and no other ir-
reducible factor belonging to this equivalence class will occur amongst the
irreducible factors of h(z).

Since distinct irreducible polynomials cannot have a common zero, each
of the zeros of B(z) is of even multiplicity, if and only if in each group formed
by equivalent irreducible factors of iz(aj), every polynomial of form ¢(\7z)
occurs with even multiplicity, i.e., for even numbers of pairs (a;,d;). From
this the statement of the lemma follows.

Next we return to the proof of Lemma 4. Clearly, if one of the conditions
b) and ¢) holds in Theorem 1, then there exists a group for which one of
the following holds
i) T (the order of \) is a prime, and either |A| = r, |D| = £ with min{(4r)*, (4¢)"} <
T or 2 is a primitive root modulo 7',

i) |Al = 1.

20



In the cases i) and i7) we may use the following addition theorem type

lemma:

Lemma 6 Let A, D C Zr with |A| = r, |D| = £. Suppose that one of the

following 3 conditions holds

a) min{r, ¢} =1,

b) T is a prime and min{(4r)*, (40)"} <T,

¢) T is a prime and 2 is a primitive root modulo T

Then there exists a v € Zr such that
a+d=~ (modT), ac A, deD

has exactly one solution.

Using Lemma 6 we get that the conclusion of Lemma 5 cannot hold,
thus h(z) = g(A\%2) - - - g(A\%x) cannot be of the form ¢(g(z))? with ¢ € I,
g(z) € F,lx] if one of the condition a), b) and c¢) holds in Theorem 2. This
proves Lemma 4 in these cases, but it remains to prove Lemma 6.

Proof of Lemma 6

a) If min{r, ¢} = 1 without loss of generality we may suppose that r = 1,
so A = {a} and D = {dy,...,ds}. Then all the sums of the form a + d
with a € A,d € D are a; + dy, . ..,a; + d; and they are different modulo T,
which proves the assertion.

b) See the proof of Theorem 2 in [1].
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c¢) See the proof of Theorem 3 in [1].

This completes the proof of Lemma 6, thus we verify Lemma 4 if one
of the conditions a), b) and c) holds in Theorem 2. If the condition d)
holds, then Lemma 4 is trivial, since the degree of the polynomial h(x) =
fA%z) .- f(A\%x) is odd since k and £ are odd, thus h(z) cannot be of the
form ¢ (g(z))? with ¢ € F,, g(z) € F,[z]. So Lemma 4 always holds, and as
we have seen, from this Theorem 2 follows.

Proof of Corollary 1

Since p is a root of f(x) of multiplicity 1, there is an irreducible factor
() of multiplicity 1 in the factorization of f(z) for which p is a root of
p(x): (@) | fz) but ©*(z) 1 f(x) and ¢(p) = 0.

All polynomials equivalent to ¢(z) are of the form cp(A7z). These ir-
reducible polynomials (except ¢(x)) cannot be in the factorization of f(x):
cp(A7z) | f(z) is not possible for Tt v, since f(x) has no other root then
p of the form \ip, but cp(N\x) has a root of this form: z = AT=7p. Thus
condition c) holds in Theorem 2, so Corollary 1 follows from Theorem 2.
Proof of Corollary 2

Let p be the only one root which is quadratic non-residue modulo p.
Since the order of A is (p —1)/2, A is a quadratic residue modulo p. Thus
Aip is a quadratic non-residue modulo p, but f(z) has no other quadratic
residue root then p. Using Corollary 1 we get the statement.

Proof of Corollary 3
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First we extend slightly Lemma 1 in the special case when the multi-

plicative character is the Legendre symbol.

Lemma 7 Let p be a prime, v1,vy € F,, where vy is of multiplicative order
T, and K,M € F, with K < T. Suppose that f(x) € Fylx] has exactly s
distinct ones among its zeros, x 1 f(x) and f(x) is not of the form c(g(x))?
with ¢ € Fp,, g(x) € Fylx]. Then we have

n=M+1

< 83p1/2 log p.

Proof of Lemma 7
Using the triangle-inequality, the multiplicative property of the Legendre

symbol and ’(%)’ =1 we get

M+K n n M+K n n M+K n n
S (ulfw)' S (vlf(vz)) . ( w)
n=M+1 p n=M+1 p n=M+1 p
n=0 (mod 2) n=1 (mod 2)
M+K n M+K n
_ Z (f(’/z)) n Z (f(V2)> .
n=M+1 p n=M+1 p
n=0 (mod 2) n=1 (mod 2)

From this by using Lemma 1 we get the statement of Lemma 7.
2
Next we return to the proof of Corollary 3. Since (#) =1, the two
roots of the characteristic polynomial: A; and A are different and € ).

Thus z,, is of the form

Ty = A} + ag\y = N (ag + az(A2/A)")  (mod p)
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with a;, ay € F,. Since x5/2; is not the root of the characteristic polynomial,
thus a; # 0 (mod p) for i = 1,2. Define f(z) € F,[z] by f(z) = a1 + asz.
Then

zn = A f((A2/A1)")  (mod p).

Assume that a,b,t € Nand 1 < a+b < a+tb <T. We will give an
upper bound for U(FEy,t,a,b).

For fixed a and b, 745 = \7°(a; + ag(A\2/A1)*?) = 0 (mod p) has at
most one solution in j with 1 < a + jb < T. Then similarly to (18) we get

t )\61l+jb o a+jb
Z( F(( p/ ) >>

J=1

[U(En,t,a,b)] < + 1.

Using Lemma 7 we get
U(Ex,t,a,b)| < 8p'/*logp+1 < 9p'*logp

which was to be proved.

Consider any D = (dy, ...,d,;) with non negative integers d; < --- < d,
and positive integer M with M + d, < T. We give an upper bound for
V(En, M, D). Similarly to (19) we get

Z <)\?j)\cll1+"'+dzf<<)\2/)\1)n+d1) o f(()\2/)\1>n+dz)> ‘4_6_

[V(En, M, D)| < ’

If f(A2/M1)%x) - f(A2/M)%z) is not of the form c(g(x))? with ¢ € F,

g(z) € F,[z], then we can use Lemma 7 and obtain
\V(En, M, D)| < 8p'*logp+ ¢ < 9p'/* log p,
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which was to be proved.

In order to complete the proof of Corollary 3 we prove that f((Aa/\;)% ) -
is not of the form c(g(x))* with ¢ € F,, g(z) € F,[z]. The degree of each
of the polynomials f((Ao/A1)%z) (1 <i</¥)is 1 (in z), thus these polyno-
mials are irreducible. Their product is a constant multiple of a square of a
polynomial, only if there exist 1 <7 < j < /¢ and ¢ € F,, with

F(a/ M) %) = cf(Ao/ M)V ),
a, + (lg()\g/)\l)dil‘ = caj + Cdg()\g/)\l)djl‘.

From this it follows by a; # 0 (mod p) that ¢ =1 (mod p) and thus

i (mod T')

which is impossible, since 1 < d; < d; <T'. This completes the proof.
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