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Abstract

We study the density of multiplicative bases of subsets of Z formed

by values of polynomials.

1 Introduction

Throughout the paper we will use the following notation: For a set S C Z
we denote by S(n) the cardinality of the set S N [1,2,...,n]. We say that
a set B C Z forms a multiplicative basis of order h of S if every element
of & can be written as the product of h members of B. While the study
of additive bases is an intensively studied topic in additive number theory,
much less attention is devoted to multiplicative bases. First multiplicative
basis of [n] oo [1,2,...,n] were studied. It is easy to see that every multi-
plicative basis of [n]| contains the prime numbers up to n. On the other hand
in 2011 Chan [2| prove that there is a multiplicative basis with less than
m(n) + c(h+1)? Booe
of multiplicative bases). This upper bound has been recently sharpened by

a factor h by Pach and Sandor [22|. Namely if G} (n) denotes the size of the

elements (however he did not use this terminology

smallest multiplicative basis of order h of [n] then

n2/(h+1) n2/(h+1)
m(n) + 0.5h——— < Gi(n) < w(n) + 150.4h—
log“n log“n

Slightly related problems were studied by Erdés [9]. Next a few definitions

follow.

Definition 1 In general for a set S we denote by Gy(S) the size of the
smallest multiplicative basis of order h. A basis B of order h is a minimal
basis of order h of S if |B| = |Gi(S)|. We call B a giant basis of order
hoof S if 1B > [{1}US).

In this paper we will study multiplicative basis of order 2 of the set
S(f(z),n) ¥ [£(1), £(2),..., f(n)] where f(z) € Z[z] is a polynomial. (A
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related problem was studied by Hajdu and Sarkozy in [12|, namely they
studied multiplicative decomposability of polynomial sets.)

Clearly, if f(x) is of the form f(x) = 2" then from Chan [2] and Pach and

Sandor’s [22] the following result immediately follows

Proposition 1

n2/(h+1)

2

m(n) < Gu(S(2", n)) < m(n) +150.4h log”n

So, for these polynomials f(z) = 2" we know the exact order of magnitude
of G(S(f(x),n)). Now we will study the case of other polynomials. First
we study the simplest case f(z) = 22 + 1. One may conjecture that the set
S(x? +1,n) has only giant bases, but it turned out that this is not the case.
There exists a basis with slightly less elements than [{1} U S(f(x),n)|. On
the other hand we will prove that every multiplicative basis of S(x? + 1,n)
has at least as many elements as the number of prime numbers of the form

4k 4+ 1 between n and 2n. In other words:

Theorem 1 For every € > 0 there exists a constant ng = ng(e) such that

for n. > ny we have

1 n
- < 2 1 < o 1/2 1 1/4.
(2 5) oz = Grh(S(x®+1,n) <n—n""+(1+¢)n

There is a huge gap between the lower and upper bound. It is an interesting

question which one is closer to the truth.

Problem 1 Does there exist a constant e > 0 such that
e < Ga(S(2*+1,n)) < (1 —¢e))n

is always true?

Next we study the case of general polynomials f(z). In this case we will

be able to prove the following:



Theorem 2 Let f(x) € Z[z] be a polynomial of degree r > 2 and write f(x)

as a product of irreducible polynomials over Zx], say

f@) = filz) falx) - - fo(), (1)

where s denotes the number of irreducible factors in (1). Then

n
(log n)s log r/log 2

L Go(S(f (), n))-
We remark that from Theorem 2 immediately follows the following:

Corollary 1 Let f(x) € Z[x] be a polynomial of degree r > 2. Then

L Go(S(f(x),n)).

(10g n)rlog r/log2

In case of the polynomial f(z) = 22 + 1, the lower bound in Theorem 2
gives the same result as the one in Theorem 1.

As a general upper bound we are able to give the trivial bound
{1} U S(f(z),n)| < n+1. Related to the upper bound we ask the following

questions.

Problem 2 Is there any polynomial f(z) such that for every n the set
S(f(z),n) has only giant bases of order 2, in other words do we have for

every basis B of order 2 the following
1B] = {1} US(f(x),n)|?
Or, is there a general non-trivial upper bound for Go(S(f(x),n))?

Perhaps the lower bound in Theorem 2 can be sharpened. We also ask

the following:

Problem 3 Is it possible to give a general better lower bound for

G2(S(f(x),n)) than the bound Toam) 5 in Theorem 27

n
slogr/log



So far we have been studying multiplicative bases of S(f(z),n) =
{f(1), f(2),f(3),..., f(n)}. Next we study the multiplicative bases of its

subsets, i.e. sets of the form

W f(ar), f(az), flas), ..., flar)}, (2)

where 1 < a; < as < --- < ap < n are integers. If B is a multiplicative basis
of order 2 of W, then each elements of VW can be written in the form b;b;
with b;,b; € B, thus

W[ < (B,
and so

w2 < |B]. (3)

In case of polynomials f(z) of degree 2, this problem is slightly related
to the study of Diophantine tuples (see e.g. [1], [4], [5], [6], [7], [8], [13]).

We will study whether (3) is the best possible general lower bound? Under
some not too restrictive conditions on the a;’s in WW we will prove |W\2/ S

|B]:

Theorem 3 Let f(x) € Zlx] be a polynomial of degree degf > 2 and

u, ay, ds, . .., a, be positive integers such that
u<a <ag<---<a<?2u. (4)
We define W by (2). If B is a multiplicative basis of order 2 of W then
WP < |B]. (5)

Remark 1 If f(x) is of the form f(z) = 2" + a,_32" 3 + -+ + a,_42" 4 +
.-+~ aqg (so the coefficients of the terms "' and "2 are 0), then Theorem

3 also holds if in place of (4) onlyu < a; < ay < -+ < ax < u? holds.

Related to Theorem 3 we ask the following



Problem 4 Is it true that the lower bound (5) holds for arbitrary a;’s, i.e.
is condition (4) indeed necessary in Theorem 37 In this general case which

lower bound can be given for |B|?

Remark 2 Let B be a multiplicative basis of order 2 of the set VW defined in
Theorem 3. Probably, the lower bound (5) in case of certain special polyno-

3/4

mials might be sharpened to |W|”" < |B|. For more details see the end of

the proof of Theorem 3.

Finally we will say a few words about sets having only giant bases. Clearly
the set I = [a®,a* + 1,a*> +2,...,a® + a] has only giant bases: Let B be a
multiplicative basis of I of order 2. We split B into two disjoint subsets, so

B = B; U By where

def

Blz{bEBi bSCL}

B {beB: b>a+1}.

If bb; € I and b; < bj, then b; < a and b; > a + 1. Thus for b;b; € I and
b; < b;, we have b; € By and b; € Bs.
For each b € By there exists at most one element ¢ of I for which b | i

since |I| =a+1<b. Thus
a+1=|I]<|By| < B,

from which the statement follows.

Our final problem is the following:

Problem 5 Let I =[m+1,m+2,...,m+n] and d > 2 is an integer. For

which m and n’s does I have only giant bases?

2 Proofs of Theorem 1 and 2

Proof of Theorem 1



First we prove that for n > ng(e) we have

(% a 6) logn < Gu(S(2* +1,m)). (6)

Let B be a multiplicative basis of order h of S(2? + 1,n). Let P denote
the following set

P {p: pis a prime of form 4k + 1 and n < p < 2n}. (7)
For every prime p € P we assign the smallest positive integer g = g(p) with

plglp)?+1.

Since for p € P, p is a prime number of form 4k + 1, the congruence
2> =—1 (mod p)

has two different solutions, and one of them is between 1 and (p —1)/2, thus

1<gm) <Pt <n, (8)

Since B is a multiplicative basis of S(z? + 1,n) it is also a multiplicative
basis of its subsets, namely B is a multiplicative basis of

S 2?1 peP)

since S; C S(z% + 1,n) by (8).
For every p € P, S contains a multiple of p since p | g(p)* + 1. Thus
B contains a multiple of p, which we denote by h(p). Thus h(p) € B and

p | h(p).
We will prove that for p,q € P, p # ¢

is not possible. Contrary, suppose that p # g and h(p) = h(q). Then

plhp), ¢l h(q).
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Thus
pq | hip) = h(q).
Since p,q € P we have n+ 1 < p,q so

(n+1)* < pg < h(p) = h(q). (9)

But B is a multiplicative basis of S(z?+1,n) so its elements are less or equal
to n? + 1, thus
hip) = hiq) <n”+1,

which contradicts (9).

Thus the function h : P — B is injective, so
Pl < [BJ,

which proves (6).

In order to prove
Gr(S(z® +1,n)) <n—n"? 4+ (1 +e)n/

we will prove a slightly stronger upper bound, namely G} (S(z? + 1,n)) <
n—n'/?2 +n'/*42. Tt is enough to construct a multiplicative basis B of order

h of S(x? 4+ 1,n) with
IB| <n—n'/24+nt* 42,
First observe that
(@®+1) ((a+1)+1) = (®+a+1)°+1. (10)
Let
def

BE {27 +1: nggn}\{(a2+a+1)2+1: n*?4+0.5<a®+a+1<n}.

In order to prove that B is a multiplicative basis of order h it is enough to

prove that for 1 < 2 < n the integer 22 + 1 can be written as a product of h

8



elements of B. If x is not of the form a®+a+1 where n'/24-0.5 < a’>+a+1 < n,
then it is clear that
I‘Q +1= b1b2b3 s bh (11)

where by =22 +1cBandby=bs=---=b,=1¢€ B.
If # = a? + a; + 1 for some integer a; and nt/2 +0.5 <a+a+1<n,
then by (10)

PAl=(Z+a+1)+1=(a?+1) (@ +1)>+1).

Thus
l‘2+1:b1b2b3"'bh,
with by = a? +1, by = (a1 +1)*+1, by =--- = b, = 1. Tt is easy to see that
from a? + a; + 1 < n follows
ap<a+1< n'/? +0.5.
So
b, by & {y*+1 :n1/2+0.5§y§n},

therefore
by, by ¢ {(a2+a+1)2+1: n'?2+05<da®+a+1 < n}.

Thus by the definition of B we have by, by € B and we also have by = by =
- =b, =1 € B. Computing the number of elements of B we get

IB] <n—n'? 4+ nt 42

which was to be proved.
Proof of Theorem 2

Throughout the proof ¢y, ¢, c3, ... will denote constants depending only
on the polynomial f(z). We may also suppose that the leading coefficient of
f(x) is positive.



Let 7(a) denote the number of positive divisors of a positive integer a. It

is well-known that

Z 7(a) =nlogn + O(n).

a=1
In 1952 Erdés [10] extended this result to polynomials, namely he proved
the following:

Lemma 1 (Erdés) Let f(z) € Z[z] be an irreducible polynomial. There
exist positive integers ¢, and cy depending on f(x) such that for n > 2 we

have

cnlogn < zn:T(f(a)) < conlogn. (12)

Here we mention that Erdés gave an existence proof, and he could not
give bounds on the order of magnitude of the constants ¢; and ¢ in Lemma 1.
Recently Lapkova [17]| achieved some good bounds in the case of polynomials
of degree 2. Related results can be found in [3].

In order to prove Theorem 2 we will need only the upper bound in (12).
Let s denote the number of irreducible factors f;(z) in (1). Using Erdds’s

lemma we will prove the following:

Lemma 2 There exists a constant cs depending only on the polynomial f(x)

such that for every integer n large enough we have that the set

E(f(x),n) of {a:n/4<a<nand 7(f(a)) < cs(logn)’} (13)

has at least n/4 different elements.

Proof of Lemma 2
Let s denote the number of irreducible factors f;(x) in (1). By Erdds’s
lemma for 1 < 7 < s we have

n

3" r(f5(a) < conlogn.

a=1
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Thus

n

Z (7(f1(a)) + 7(fa(a)) + -+ 7(fs(a))) < scanlogn = cynlogn.  (14)

a=1
Let

Ay &« {1<a<n: 7(fi(a)) + 7(fola)) + -+ 7(fs(a)) = 2¢c4logn, }

Ay {1 <a<n: 7(fi(a) +7(fa(a) + -+ 7(fu(a) < 2cslogn.}

Clearly A; and A, are disjoint and

|Ai| + [Az] = n. (15)
By (14)
(Al 2eslogn < Y (7(fi(a) + 7(fala) + -+ 7(fi(a))
ae.Al
< Z ) +7(f2(a)) + -+ 7(fi(a)))
< ¢qnlogn.
Thus
|.A1‘ < 77,/2.
From this and (15) we have
|.A2‘ > 77,/2. (16)

Next we will use the inequality 7(zy) < 7(z)7(y) and the inequality of arith-

metic and geometric means. For a € A; we have

= c5(logn)®. (17)
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Define C by
def

C={a: n/d<a<nandac Ay}
Clearly by (16) we have
IC| > |Aa] = n/4>n/4. (18)
Since C C A, by (17) we have for a € C

7(f(a)) < cs(logn)®.

Thus if we define E(f(x),n) by (13) with ¢; in place of ¢3 we have C C
E(f(x),n). By this and (18) we have

nf4 <|C| < |E(f(z),n)|,

which proves Lemma 2.
Define F(f(x),n) by

F(f(z),n) & {f(a) : n/4 < a < nand 7(f(a)) < cs(logn)’} (19)

Since for fixed number ¢ the equation f(x) = c has at most r = deg f solutions

we have

F(7(@),m)| = - B(f(),m)] > - = con. (20)

Next we prove the following:
Lemma 3 Let B be a multiplicative basis of F'(f(x),n) of order 2. Then

|B| >

(10g n)slogr/ log2”

From Lemma 3 we immediately get Theorem 2. If B is a multiplicative

basis of S(f(x),n) then it is also a multiplicative basis of F'(f(x),n) by
F(f(x),n) € S(f(x),n).

Proof of Lemma 3

12



Define a graph G by the following: its vertices are the elements of B. Two

vertices vy, vy are joined by an edge {vy, vy} if and only if

vivz € F(f(z),n).
In other words there exists a € E(f(z),n) (so n/4 < a <nand 7(f(a)) <
c3(logn)®) such that

v1vy = f(a). (21)

By the definition of F'(f(x),n) we have
max{7(v1),7(v2)} < 7(v1v2) < c3(logn)®. (22)

Then for the number of vertices and edges of G we have

V(G)| = |B| (23)
|E(G)| = [F(f(z),n)| > cen. (24)
Let f(x) be of the form f(z) = a,2" + a,_12" ' + -+ + ayz + ao. Since in

(21) a > n/4, provided that n is large enough, we have

v1ve = f(a) > o > %(n/él)r =cin” > cé2n’.

2 2
So for an arbitrary edge e = {v1,v2} of G we have
U1 > c7n or Vg > Crn. (25)

We split the set of vertices B into two disjoint sets:

Bi={veB: v>cn}
By={veB: v<e¢mn}

By (25) clearly for every edge e = {v1,v2} of G we have vy € By or vy € By.
Thus if we denote by d(v) the degree of a vertex v € B in G then

B@)I <) d). (26)

vEBy

In Lemma 4 we give an estimate on the degree of a vertex of By:

13



Lemma 4 Forv € B; we have
d(’U) < (10gn)slogr/log2

Before proving Lemma 4 we show that from Lemma 4 we immediately

get Lemma 3. From Lemma 4, (24) and (26) follows

cgn < |E(g)| < Z d(v) < Z(logn)SIOgr/logQ < |Bl| (logn)slogr/log2

vEB veEB]

< |B‘ (10g n)slogr/log2

from which follows
n

(10g n)slog r/log2

< |B]

which proves Lemma 3. Thus in order to prove Theorem 2 it is enough to
prove Lemma 4.
Proof of Lemma 4

If d(v) = 0 then the statement of the lemma is trivial. Suppose that there
exist v € B such that e = {v,v'} is an edge of G, so there exists n/4 < a <n
for which 7(f(a)) < c3(logn)® and

Then
7(v) < 7(vv') = 7(f(a)) < c3(logn)®. (27)

Next a few notations will follow. Let D(f) denote the discriminant of the

polynomial f(x). For a prime p denote by ¢(p) the largest integer for which

PP | D(f)

(thus p‘@+! 4 D(f)). For m € N denote by N(f(z),m) the number of

solutions of the congruence
f(z) =0 (mod m).

14



In 1921 Nagel [18] and Ore [19] proved that if p is a prime and k € N then
N(f(x),p") < rp™®. (28)

This was considerably improved by Sandor [20], Huxley [14] and Stewart [21],
but for our purpose (28) is sufficient. Let m be a composite number. By the

Chinese Remainder Theorem we have

N(f(z),m) = [T N(f(@),0").

pkl|m

Using (28) we have

N(f(x),m) < H rp2l®) = p(m) Hp%(p)
plm

plm
— pw(m) H p%(p) < pe(m) H p%(p)
plm, £(p)#0 p, £(p)#0
< pe(m) H p2l®) = M D (f)?
pID(f)
= g™, (29)

Now we are ready to give an upper bound for d(v) if v € B;. We get

dv) =|{v" € B: vv' = f(a) with a € E(f(z),n)}|
<Ha€ E(f(z),n): fla)=0 (modwv)}|
<H{l1<a<n: fla) =0 (mod v)}

Since v € By thus v > ¢zn. Let ¢g =[] then

1
c7

d(v) < {1§asci7v: fla)=0 (mod v)}
<H{l1<a<ec: fla)=0 (mod v)}|
<co{l<a<v: fla)=0 (mod v)}|

= coN(f(2),v).

15



By (29) we have

d(v) < cocgr®®) = cyor?®

10 (2w(v))logr/log2 _

CloT(U)IOgr/10g2.

By (27) we have

logr/log2 slogr/log?2
)

d(v) < ¢19 (c3(logn)?) = c11(logn)

which completes the proof of Lemma 4, from which Theorem 2 follows.
Proof of Theorem 3
Let f(z) be a polynomial of the form

f(z) = az" + ar_12" 4+ -+ a1 + ap.

Define 8 by dof % and the polynomial p(z) is

r r—1
Ar—1 Ar—1 Ar—1
=a, | x— +a,_1 | x— +...a | — + ap.
Ty ra, ra,

Clearly p(z) is of the form

P(2) = G2 + @™ + @1 ™ 2™ qo, (30)

where ¢, # 0 and m < r — 2 (or, in other words the coefficients

Gr—1,Gr—2,- -, qms1 of p(z) are 0). Here we also remark that if a,_; = 0

then f(z) = p(z).
Let B = {by, bs,...,b} be a multiplicative basis of W of order 2.

We will use the following lemma

Lemma 5 There exist constants ¢c; and co > 1 depending only on the poly-

nomial f(z) (= p(x — ) such that if by, be, bs, by are integers greater than ¢

16



for which

hold for some integers xy, xa,x3, 4. Then

Cobibs < boby if m =1 — 2 in (30) and
Co <b1b3)2 < byby me <r—3imn (30)

Proof of Lemma 5. This is a combination of Lemma 1 and Lemma 2 in
[15].

We define the following graph G. Its vertices are the elements of B, so
V(G) = B. There is an edge between the vertices b; € B and by € B if and
only if there exists an 1 <17 < s such that

biby = f(a;) = pla; — B).

We will denote this edge by {b1, b2 }.
Since B is a multiplicative basis of order 2 of W, for the number of the

edges of G we have
1E(G)] = V] (31)
Next we will use the constants ¢; and ¢y defined in Lemma 5. We will
color the edges of G by different colors. We color an edge {b, b2} of G by the
first color if by < ¢y or by < ¢;. Clearly, the number of edges colored by the
first color is < 2¢; |B|. For i > 2 we color the edge {b1,b2} of G by the i-th

color if

ch2u < biby < &yt (32)

17



Here b1by = f(a;) for some 1 < i < s. Since the leading coefficients of f(x)

is positive and by (4) we have

% < flay),..., flar) < 2a,u"

if u is large enough depending on the polynomial f(z). By this and (32)
the number of different colors is less than a constant c¢; depending on the
polynomial f(x).

By Lemma 5 the graph G does not contain a cycle of length 4, where the
edges of the cycle are colored by the same ¢-th color for an ¢ > 2. By the
Kovari-Sos-Turan theorem [16] we have that if a graph G has n vertices and

it does not contain a cycle of length 4, than it has at most
L 5/
1+n+ gn (33)

edges. (Here we remark that in [16] the authors studied matrices containing
0’s and 1’s and not graphs, but considering the adjacency matrix of G one
may get the upper bound in (33).) Since we have at most ¢4 different colors

we have

[E@)| < V(@) = B[,

where the implied constant depend on the polynomial f(z). Using (31) we
get
W] < (B2,

from which the theorem follows.

Probably, it can be proved that if m in (30) is significantly smaller than
r which is the degree of the polynomial, then the subgraphs G; of G formed
by the edges of G colored by the i-th color (where i > 2) do not contain the
following graph 03 s:

18



From this, using Faudree and Simonovits theorem [11]| in extremal graph
theory one may obtain the bound
W <D EBG) < an|BI+ D [V(G)IT < B[
i i>2
from which

|B] > W (34)

follows. Here, we remark that the proof that these subgraphs of G do not
contain @33 can be rather lengthly and complicated, and the desired lower
bound (34) is just slightly stronger than the one in Theorem 3 and it is also
far from the truth. Thus we do not work out the details of the proof here.
Acknowledgments The authors would like to thank the referee for his

careful reading and valuable comments.
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