On the density of integers with consecutive
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Abstract

The density of positive integers which have divisors of the form
z(z + 1) with z € Z and z > K is near 1/K as K tends to infinity.
Different generalizations of this result are also studied.
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1 Introduction

Paul Erdés asked several problems concerning divisors. In particular, P.
Erdés and R. R. Hall [4] initiated the study of the number of consecutive
divisors. They defined 74(n) by the number of positive divisors of n of the
form

zz+1)...(x+k—1)
with x € Z. In the case k£ = 2 an equivalent definition is
T(n) =it diyr —di =1},
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where 1 =d; < dy < --- < d;pn) =n denote the all positive divisors of n. In
[4] it is proved that

7e(n) > (logn)e’"

holds for infinitely many n. P. Erdés and R. R. Hall also estimated the
average value of 7 (n) for £ > 2 by proving

1 1 —(k—1)/k
2 20 = gy Ty T Ol ).

For k = 2, this gives

%ZTg(n) =1+ 0(z"?).

n<x

Although the expected value of 75(n) is 1, it is not true that almost all
integers n have a divisor of the form z(z 4+ 1) with z € Z. It is easy to see
that an integer has such a divisor if and only if it is even. Indeed, z(z + 1)
is always even, thus if z(z + 1) | n, then n is also even. On the other hand
if n is even, then n has a divisor of the form z(z + 1), namely 1-2 | n.

In the present paper I will estimate the density of integers n which have
at least one divisor of the form z(x+1) with z € Z and x > K. Define A(K)
by

A(K) © lim %Hn 1<n<N, Jz>K, such that z(z + 1) | n}|.

N—oxo

As it was shown above A(1) = 0.5. For K > 2 I have not been able to
determine the exact value of A(K), but I will prove that it is near 1/K as
K — +4o0.

Throughout the paper the number of distinct positive prime divisors of
n will be denoted by w(n), the number of positive divisors by 7(n).

The first upper bound for 75(n) is due to Tenenbaum [17, Theorem 2|,
who proved that

T(n) < 7(n)° (1)



holds with ¢ = 0.93974.... R. de la Bretéche |3, Theorem 2| improved on
the exponent ¢ and obtained (1) with ¢ = 0.91829.... 7»(n) was studied
by several authors, see in [1], [2], [3], [4], [5] and [17]. R. de la Bretéche [2]
extended the problem to other polynomials.

I will also study the question for other polynomials of degree 2.
Definition 1 For P(X) € Z[X], let

ef 1. 1
Ap(K) ' Jim N|{n 1<n<N, 3z > K such that P(z) | n}|.

N—o

If P(X)=X(X+1) then Ap(K) = A(K). I will prove the following.

Theorem 1 Let P(X) = ap X?> + a1 X +ag € Z[X] be a polynomial of degree

2 with non-zero discriminant, so a3 — 4asag # 0. Then for K > 1 we have

Ap(K) +O((log K)C+2V2B =473 (2)

 ao| K
where the implied constant factor in the O(...) term depends only on the

polynomial P(X).

R. de la Bretéche [2]| gave upper bound for the maximal number of divisors
of n of the form P(z). Here, in Theorem 1 I estimate the average value
Ap(K).

If K — +oo then (2) provides a sharp estimate for Ap(K), but for fixed K
does not give any bounds for it. When P(X) = X(X +1), so Ap(K) = A(K)

here I give some estimates calculated by a computer program:

0.221 < A(2) < 0.225,
0.166 < A(3) < 0.187,
0.127 < A(4) < 0.153,
0.102 < A(5) < 0.130,
0.088 < A(6) < 0.119,
0.076 < A(7) < 0.110.



These results are obtained by sieve method. In order to get A(K) we
calculated the density of integers which is divisible at least by one number
of K(K+1), (K+1)(K+2),...,T(T + 1), where T depends on K. This
gives a lower bound for A(K). In order to obtain an upper bound we need
to add to the lower bound the density of integers which is divisible at least
by one number of (T'+ 1)(T' 4+ 2), (T'+ 2)(T + 3),.... For this number we

1 1 _ 1
@) T @as T T T

In [6] Evertse has proved that S-unit equations have only finite solutions.

use the trivial estimate (

In the rational case he obtained that if S = {pi,ps,...,ps} is a set of s
distinct primes, A, u € Z then the equation

Aa+ pb=1

has at most

3 x 72$+3

solutions in a and b such that all prime divisors of a and b are from S.
Gydry [9] gave an upper bound for the absolute value of such solutions a and
b. Moreover, there are reasonably efficient algorithms to determine these
solutions. For example, de Weger [18] in his thesis determined all solutions
of the equation a + b = 1, where both a,b € {2%13%25%37%411%13% : 2z; € Z}.
Using these results, by computer it is also possible to calculate the density
of those integers n which have a divisor of the form z(z + 1) such that all
prime factors of z(z+ 1) belong to a fixed set of primes. Indeed, then writing
a =12+ 1 and b = zx it is clear that first we need to find the all solutions of
the equation
a—b=1,

where all prime divisors of a and b are from certain fixed set S containing
only few small fixed primes. Knowing all such solutions, by the exclusion-
inclusion principle we easily could determine the density asked. This method
could give reasonable estimates calculated by computer, but can not be used

in the proof of Theorem 1, which is based on generalized Pell-equations.
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Pell-equations have been extensively studied for long time, but on gen-
eralized Pell-equations slightly less is known. S. Lange [13| gave asymptotic
formulas for the number of solutions. Later K. Gyé6ry, A. Pethé and recently
G. R. Everest generalized this result to norm form equations, see in [7], [10],
[11], [12], [15] and [16]. In these asymptotics the main term depends on the
number of certain “fundamental solutions”, but usually their number is not
given in terms of the coefficients of the norm form equation. In [10] Gy6ry
and Pethd gave upper and lower bound in terms of the coefficients. Here, in
the case of generalized Pell-equations we need a stronger bound than the one

in [10]. I will prove

Theorem 2 Let a,b, c be positive integers. Denote by S the number of the

solutions of the generalized Pell-equation

az® — by’ = c (3)
with positive integers x,y and 1 <y < N. Then
log N
S<————+1 2 < 4ab.
o) log (4ab/c?) * toe ¢

b) Let m | ¢ such that (m,ab) = 1. Then

S < [\/Z_me 7(m) (log N + 2)

C
< (i

) 7(m)log N.
abm

The usual estimates for the number of solutions of the generalized Pell-
equations only handle the case ac < v/ ab, and there are algorithms for finding
the solutions but without estimates for their number.

In fact in the proof of Theorem 1 I need the following sum:

Corollary 1 Suppose that the conditions of Theorem 2 b) hold and A is a
positive number. Then

s belei)

az?—by’=c
20, y>A




Difficult problem is the estimate of the density of natural numbers which

have at least t distinct divisors of the form z(z + 1) with z € N. A trivial

1
[1,2,..,t+1]

[1,2,...,t+1] | n are divisible by 1-2,2-3,...,¢- (t+1). By an argument of

estimate for this density is = & +(1,(1))t, since the numbers n with

Erdés and Hall [4] the exponent can be improved. Namely the density asked

is

1
> (4)
(t(e_1/2+5))
e
as t — 4o0o. [1,2,...,y] has more than y positive divisors of the form

z(z + 1) with 2 € N. Indeed, Erdés and Hall in [4, Theorem 2| proved
that for A < e'/? there exists € > 0 such that n = [1,2,...,y| has at least
ey? divisors of the form x(x + 1). The prime number theorem implies that
[1,2,...,y] = e+ and writing y = (1t) l/A, we get that there exists a
constant £ > 0 such that n = [1,2,...,y] < ekt has at least t distinct
positive divisors of the form z(z + 1) with z € N, which leads to (4).
Acknowledgement. I would like to thank Professors Attila Peths, An-

dras Sarkozy and Régis de la Bréteche for the valuable discussions.

2 Proof of Theorem 1

We may suppose that the leading coefficient of P(X) is positive: ay > 0.
We choose f so that

a2(2f - 1) S a < a2(2f + 1)

holds, then f depends only on the polynomial P(X). It is clear that there
exists a constant Ky depending on the polynomial P(X) such that for z > Kj

we have

ax(z+ f—1)(x+ f) < Pz)<ay(z+ f)lz+ f+1). (5)



Throughout the proof of Theorem 1 we may suppose that K > K, where K,
is a large enough constant depending only on the polynomial P(X), since for
K < K, the theorem is trivial because of the O(...) term in (2).

For the density of the positive integers divisible by at least one of the
numbers P(K), P(K + 1), P(K +2),... an upper bound is

1 1 1
Ap(K) < P(K) PK+1) PE+2

1 1
S f-DET) T wE T HEF+D)

<ullere) (w7 mm) )
Ta \\K+f-1 K+ f K+f K+f+1

1 1 _2
a(K+f—1) aK +O(K™).

+...

Next we will give a lower bound for Ap(K). For positive integers 7" and K
let Ap(K,T) the density of positive integers divisible by at least one of the
numbers P(K), P(K +1), P(K +2),..., P(T):

ef . 1

Ap(K,T) d:hom N Hn: 1<n <N, 3K <z <T, such that P(z) | n}|.
—00

Clearly for 7" > K we have

Ap(K) > Ap(K,T). (6)

We will give a lower bound for Ap(K,T) by the exclusion-inclusion principle.

ForK§i1<i2<---<ik§Tlet

ef .. 1 . . .
Nivisvoiy € lm = |{n: 1<n <N, P(ir), Plia),.., P(ix) | n})
_ 1
[P(ir), Pi2),..., P(ix)]
Then
Ap(K,T)> > Ny— > Nis (7)
K< <T K<i1<i:<T



1 1
Z N = Z P(il)Z Z az(in + )i + f + 1)

K<i1<T

1 > < 11 )_ 1 B 1
Cap e Nt atf+l) K +f) e+ f+1)

Ap(K) > Ap(K,T) > — — L = S N +0(ED). ()

K<i1<ia<T

Thus we need to give an upper bound for )., _; .7 Ni - Let S be this

sum:

def o 1 _ (P(ir), P(i2))
ST 2 M= D GGy PG 2 PP

K<i1<is<LT K<i1<ia<T K<i1<i2<T
9)

We split the sum in S into two parts according to that the greatest common

divisor of P(i1) and P(is) is less or greater than a fixed integer H. We will
give the exact value of H at the end of the proof (H will depend on K). Let

. P(iy), P(i
Sld:f Z (p(l)p(2))’
K <iy<ig<T (41) P (i2)
(P(il)ap(i2)_)SH

g, df Z (P(i1), P(i2))_

K<i1<ip<T P(il)P(Zé)
(P(i1),P(i2))>H
Then
S = Sl + SQ.

Throughout the proof we will use the standard notations < and >> in the
sense that the implied constant factors only depend on the polynomial P(X).

We will prove the following two lemmas:



Lemma 1 If K(log K)'/?2 < H then

H?(logH)?

S < 0

Lemma 2 For H> K > 1

(log T)¥>*!

Sy K i

>From Lemma 1 and Lemma 2 easily follows Theorem 1 since if K (log K)'/? <
H then
H?(log H)? N (log T)V2+t1
K* H )

Fix T = K2 and H = (lglf)(;/fm Then from (8), (9) and (10) we get the

theorem. It remains to prove Lemma 1 and Lemma 2.

S <K

(10)

Proof of Lemma 1
Trivially

(P (i), P(i2)) < d,
d|P(ir),P(iz)
450

since d in the sum also takes (P(i1), P(i2)). Thus

> o d
d|P(i1),P(i2)
d<H

e PP

(]

K<i1<2<T

IA
| —
"=

ISH
=
Q
A
S

ng

IA
N =

> wi | (1)

u
T
x
12
IA
~

The congruence



has at least 29(4 solutions in £ modulo d, denote them by sy, 5o, .. ., s, Where

Thus
1 1
3 G - Z > 208 (13)
By (5) for z > K,
P(z)>a(z+f—1D(x+f) > a@+f-d+f)

for all positive integer d. Then for fixed s; we have

1 1 1
2, POEPET 2, PW
i=s; (mod d) i=s; (mod d)

1 1
CEFFDEHT 2 G it P

K+d<i<T
i=s; (mod d)

1 1 1 1

<wits; ¥ (=2
2 —
K2 d Ko< i+f—d i+ f
i=s; (mod d)

1 1 1

LKmgt+t7 0K

krax+n St
By this, (12) and (13) we have:

1 u(d)  guw(d)

Z P(7) < K? + dK
K<i<T
d| P(i)

By the condition of the lemma H > K so by (11) we have
w 2w(d) 2
1< Z a < Kz T dK )

ow 2 H 2w(d) 2
<<Zd<dK) + ) d<K2>
d=1

d=K+1
K H
1 4o 1 "
= ﬁz d + ﬁ Z d4 (d). (14)
d=1 d=K+1

10



Here the first sum can be written as a product over primes. By this, 14+ 2z <

e®, using an explicit form of Mertens’ theorem [14] and K (log K)/? < H we

have
K
1 4«(d) 1 4 4 4 1 4y
g <xe 1l (1) < g 11 L)
d=1 2<p<K 2<p<K
prime p prime p
= 4
2<p<K ¥ (logK)* _ H? ,
<<ﬁ€ p p <<T<<ﬁ(logH) . (15)
Next we estimate the second sum in S;:
H H H H
1 H H H
w(d) o w(d o 2 o
K4 Z d4 <K4Z4()SK4Z(T(d)) §K4zzzl
d=K+1 d=1 d=1 d=1 z|d yld

s
]
M=
s
M=
]
]

IA
2=
M=
M=
M=
Q‘m
IA
S
M=
N
M=
[ =
M=
| =
A
=
5
=

a=1 p=1 ¢=1 a=1 p=1 g=1
(16)
By (14), (15) and (16) we get
H?(logH)?
5 <~

which was to be proved.
Proof of Lemma 2

Let K <y <1y <T such that (P(i1), P(is)) = d > H. Then {E12)

is a term in S,. So there exist integers b < a such that (a,b) = 1 and

P(iy) = bd, (17)
P(is) = ad. (18)

By the definition of d we may assume that
(a,b) = 1. (19)

11



Then

So there exist a constant c; only depending on the polynomial P(z) such

that

62T2
b < .
<a< q

>From (17) and (18) follows

(P(ia), P(iz) 1

Let

Then
Sy

VAN

1 1
PO DS (20)
1<bca< 22 dEH(ah)

First we need an upper bound for
> g

deH(a,b) d
Again we suppose that d € H(a,b), so there exist K < i; < ip < T with (17)
and (18). P(X) is a polynomial of degree 2, so write it of the form

P(X) = U,2X2 + G,lX + Qg.
Then
4a;P(X) = (209X + a1)? + 4agay — ai.

Write

xr1 = 20,27:1 =+ ai,
Y1 = 2azt2 + ay,

c = (a? — 4asag)(a — b). (21)

12



By this, (17) and (18) we have

dazbd = 4a,P (i)
4a2ad = 40/2P(7;2)

Il
@

S0
az,® — by ® = c. (22)

Since the discriminant of P(X) is non-zero, ¢ # 0. Here ¢ can be both
positive and negative. If ¢ is negative in place of (22) we consider
by, 2 — az,® = —c. (23)
Using (17) and (18)
Plis) _ Vi~ a% _ Plin) _ %1~ a5

d= a - 4asa - b dash

>From d > H follows that there exists a constant c3 only depending on the
polynomial P(X) such that

y1 > csVHa
T Z CgVHb.

So
1 daqa a
DR E S S
€H(a,b) ylzch/H_a: Jz, 1 a—b ylzcsx/H_a: dz1 1
azlz—bylzzc a$12—by12:c
and similarly
1 4&2[) b
R T e
det(a mlzcgm: Jy1 1 a—b I1>63\/_ Jy1 1

az12—by1%=c azx1?—by1%=c
Using Corollary 1 for (24) if ¢ is positive and for (25) if ¢ is negative, for all

m | ¢, (m,ab) =1 we obtain

> l<< <1+ \/Hm) T(IZL). (26)
de?—t(a,b)

We would like to choose m so that we obtain an optimal estimate for » deH(ah)

n (26).

1
d
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Lemma 3 Let g € N. Then for 1 < z < 7(g), there exist positive integers

my, me | g such that

(1) < 7, 7(mg) < 473&9),

and every d | g can be written of the form d = didy with dy | my and ds | ma.

Proof of Lemma 3 This is Lemma 4 in |[§]

Let g = @ — b in Lemma 3. For x = 27(g)'/?

we obtain 7(mq),7(mg) <
27(g)'/2. If d = |g| in Lemma 3 we see that |g| = didy < mimy so for
m = max{mi,ms} we get m > |g|”%. By (19) we also have (ab,m) <

(ab,g) = (ab,a — b) = 1. For this m (26) gives

1 ( £ ) 7(g)"/2 ( E ) 7(a —b)'/2
g - L |1+ <L |1+
deHan) d Vabg'/? H ab(a — b) H
(27)

Here by (21)

|c| < a—>b < /a—b<< /£<<1
vab(a—b)  y/ab(a —b) ab ab .

By this and (27) we have

1 7(a—0)"?
3 Lorash?

H
deH(a,b)

14



By this and (20) we have
1 _p)/2 1 $)1/2
<ty T Loy T)

H , ab H , b(b+5)
b<a< T bs< LT
1
= 1/2
< 22 Zb(b+8)
clT
1/2 1 1
< PR ()
01T2 <00
1 ()2 (1 1 1
= u ZQ l CR R
s<
1 7(s)1/?
<<E Z TIOgS
cT2
s< 1
logT 1/2
< o8 T(s)””
H ‘s s
s< g

Here the last sum can be estimated by a product over primes.

logT v+ 1)1/2
sl I (2

ps# v20
log T 21/2 v+1
<L (1+20) |2
H T2 p v>0 p
<= Z
="H v#l
logT 21/2 3 (log T)'+V2
14— 1 —_—
< H2<+ p Te-02) S H
<

which was to be proved.
Proof of Theorem 2
Denote the positive integer solutions of (3) by (z1,41), (%2, ¥2),---, (zs,Ys)
where 1 <y <ys <ys<-:-<yg <N. Then for1 <i< j <S5 we have
az;® — by = c, (28)
az;® — by;? = c. (29)

15



Multiplying (28) by yJQ-, (29) by y? and taking the difference we get
a (wiy; — 239i) (way; + 259) = ¢ (v — 1) - (30)

The right-hand-side of (30) is positive, so the left-hand-side is also positive.
It follows from this that

1 <z — x5y, (31)

2x5y; < TYj + ;Y-

Using this and (30) we get
2ax;y; < cy?-. (32)

>From (29)

axj2 =c+ byj2 > bij,

b
.Tj 2 ayj.

2vab - yiy; < cyf-,

{4ab

C—Qyz- < Y- (33)
4ab
Fyi < Yit1-

o\

a

( —2> Y1 <ys < N,
c

from which part a) follows.

By this and (32) we get

For j =14+ 1 we obtain

Thus

We will prove part b) by induction on ¢. So suppose that ¢ = 1 or we have

verified the statement for 1,2,...,c—1 in place of ¢ in (3). Then throughout

16



the proof we may suppose that ab is a perfect square modulo m. So there is

an integer u such that

ab=v?> (mod m). (34)
Indeed, otherwise, there is a prime factor p of m (so p | m | ¢) such that the
Legendre symbol (%) = —1. (ab,m) = 1 thus p 1 a,b, so from (%’) = -1
then p | z,y and p? | ¢ follows. Thus from the Pell equation

ar? — by’ =c

2 2
T Y c
p D D

s | 1%’ thus by the induction we have

ec/p?
o= L/a_bmﬂm,p?)

and we are done. m is a divisor of ¢, thus

follows that

ec

[ 7m0 v -2 < [ 2

-‘ 7(m) (log N + 2) .
az® —by* =0 (mod m).
Multiplying it by a and using (34) we get
(ax — uy)(ax +uy) =0 (mod m).
So there is an n | m such that
m
n|ar —uy andﬁ | az + uy. (35)

For n | m let G(n) denote the set the solutions of (3) such that 1 < =z,
1 <y < N and (35) holds. Then we get
S=>|G(n)| = 7(m) max |G(n)] . (36)
njm
Consider a fixed n. We will give an upper bound for G(n). In this case
we denote by (z1,v1), (Z2,%2),---, (7, yr) the all solutions of (3) such that
(zi,y;) € G(n) for 1 <1 < T, where

T = |G(n)|.

17



Again we may assume that 1 < y; <y, < --- <yp < N. For (z;,vi), (zj,y;) €
G(n), i < j we have

m
n | ax; — uy; and — | ax; + uy;.
n
m
n | ax; — uy; and - | ax; + uy;.
Thus
m | (az; — wy;)(az; + wy;) — (az; — uy;)(az; + wy;) = 2au (x;y; — ;Y;) -
Here (au,m) < (au?,m) = (a?b,m) = 1. So:
m | 2 (z;y; — T;¥i) - (37)

We fix i. The sequence {2 (z;y; — =;¥i) }j=it1,i+2,...7 is strictly monotone

increasing since

: . . b
(Tiy; — T3i) = Yy, (ﬂ - ﬁ) = Yilj LY %
Yi Yj Yi a ay;

and here both {y;};—i+1,..1, {% -, /% + #} are strictly monotone
i i

j=it 1T
increasing sequences. By (37) we also know that the elements of the sequence

{2 (z;y; — yjxi) } j=it1,..7 are divisible by m.

Let t be a positive integer. Thus in place of (31) even
m
o S Tl Tini

holds. Similarly to (33) we get

ab
tmA | —<Yi < Yitt-
c

Fix
ce
t= . 38
[\/ abm-‘ (38)
Then

eYi < Yitt- (39)

18



Thus

ey, < yi -1y < yr < N.

S0
T =|G(n)| <tlogN +t+1<t(logN +2).

Using this, (36) and (38) we get part b).
Proof of Corollary 1

We will use the groups G(n) defined in the proof of Theorem 2. Again
we fix t by (38). By (39) for the solutions (z1,¥1),-- -, (1, yr) € G(n) of (3)
with 0 < z; and A < y; < yo < --- < yr we have

1 n 1 n 1 n < 1
Vi Yirt®  Yigor A%

So

Since we defined 7(m) groups G(n), the corollary follows.
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