
On shifted produts whih are powersK. Gyarmati, A. S�ark�ozy1 and C. L. Stewart2
1 IntrodutionFermat gave the �rst example of a set of four positive integers fa1; a2; a3; a4g with theproperty that aiaj + 1 is a square for 1 � i < j � 4. His example was f1; 3; 8; 120g. Bakerand Davenport [1℄ proved that the example ould not be extended to a set of 5 positiveintegers suh that the produt of any two of them plus one is a square. Kangasabapathyand Ponnudurai [6℄, Sansone [9℄ and Grinstead [4℄ gave alternative proofs. The onstrutionof suh sets originated with Diophantus who studied the problem when the ai's are rationalnumbers. It is onjetured that there do not exist �ve positive integers suh that theirpairwise produts are all one less than the square of an integer. Reently Dujella [3℄ provedthat there do not exist nine suh integers. In this note we address the following relatedproblem. Let V denote the set of pure powers, that is the set of positive integers of the formxk with x and k positive integers and k > 1. How large an a set of positive integers A be ifaa0 + 1 is in V whenever a and a0 are distint integers from A? We expet that there is anabsolute bound for jAj, the ardinality of A. While we have not been able to establish thisresult, we have been able to prove that suh sets annot be very dense.Theorem 1 Let N be a positive integer and let A be a subset of f1; : : : ; Ng with the propertythat aa0 + 1 is in V whenever a and a0 are distint integers from A. There exists a positivereal number N0 suh that if N exeeds N0 thenjAj < 340(logN)2= log logN:We shall dedue our result from the theorem below. For eah integer k, with k at least2, de�ne Vk by Vk = fx`jx 2 Z+ and 2 � ` � kg:Theorem 2 Let k be an integer with k � 2. Let N be a positive integer and let A be asubset of f1; : : : ; Ng with the property that aa0 + 1 is in Vk whenever a and a0 are distintintegers from A. There exists a positive real number N1, suh that if N exeeds N1, thenjAj < 160 k2(log k)2 log logN:1Researh partially supported by the Hungarian National Foundation for Sienti� Researh, Grant No.T029759.2Researh supported in part by the Natural Sienes and Engineering Researh Counil of Canada, GrantA3528. 1



Notie that Theorem 1 follows from Theorem 2 on observing that if xk is a positiveinteger from f2; : : : ; Ng then k is at most (logN)= log 2.The proof of Theorem 2 depends upon a simple gap priniple, the result of Dujella andtwo results from extremal graph theory.2 Preliminary lemmasLemma 1 Let k be an integer with k � 2 and let a; b; x and y be positive integers with a < band x < y. If ax + 1; ay + 1; bx + 1 and by + 1 are k-th powers thenyb > (xa)k�1:Proof. This follows from the proof of Theorem 1 of [5℄.Lemma 2 (Tur�an's Theorem) Let n and r be positive integers with r � 2 and let G be agraph with n verties. If the number of edges in G exeedsX0�i<j<r�1 �n+ ir � 1� �n+ jr � 1�then G ontains a omplete graph of order r.Proof. This is Theorem 1.1, Chapter VI of [2℄, see also [10℄.Lemma 3 Let G be a graph with n(� 1) verties and m edges and suppose thatm > 12 �n 32 + n� n 12� :Then G ontains a yle of length 4.Proof. This is a speial ase of Theorem 2.3, Chapter VI of [2℄ and is due to K�ov�ari, S�osand Tur�an [7℄.3 Proof of Theorem 2We shall suppose that jAj � 160(k= logk)2 log logN;and show that this leads to a ontradition. For N suÆiently large there is an integer mwith 1 � m � 1+(log(logN= log 2))= log 2 suh that A has more than 110(k= logk)2 elementsfrom f22m; 22m + 1; : : : ; 22m+1 � 1g. Let us denote the set of these elements by Am and putn = jAmj. Then n > 110(k= log k)2: (1)2



Form the omplete graph G whose verties are the elements of Am. Next, olour the edgesbetween two verties a and a0 by the smallest integer ` larger than one for whih aa0 + 1 isa perfet `-th power. Note that eah edge is oloured by a prime number.For i = 2; 3; : : : ; k let bi denote the number of edges of G whih are oloured with theinteger i. It now follows readily from the method of Lagrange multipliers thatX0�i<j<8 �n + i8 � �n+ j8 � � �82��n8�2 = 716n2and so, by Lemma 2, if b2 exeeds 7n2=16 there is a omplete graph on 9 verties olouredwith the integer 2. But Dujella [3℄ has proved that there do not exist 9 suh positive integers.Aordingly, b3 + : : :+ bk � �n2�� 716n2 = n216 � n2 :By Corollary 2 of Rosser and Shoenfeld [8℄, the number of primes up to k is at most5k=4 log k. Thus, there exists a prime p with 3 � p � k suh thatbp � 4 log k5k �n216 � n2� : (2)Let Gp be the subgraph of G whose verties are those of G and whose edges are the edgesof G oloured with the prime p. By (1),4 log k5k �n216 � n2� = log kk n220 �1� 8n� > n 32 p11020  1� 8110 � log 33 �2! > :519n 32 : (3)Further, 12 �n 32 + n� n 12� < 12n 32 �1 + 1pn� < 12n 32 �1 + 1p110 log 33 � < :518n 32 : (4)Therefore, by (2), (3) and (4), bp > 12 �n 32 + n� n 12� ;whene, by Lemma 3, there is a yle of length 4 in Gp. In partiular, there exist integersa; b; x; y whih are verties of Gp with a and b both onneted by edges to x and y. Withoutloss of generality, we may assume that a < b and x < y. Then ax + 1; bx + 1; ay + 1 andby + 1 are p-th powers and so, by Lemma 1,yb > (xa)p�1 � (xa)2: (5)But a; b; x and y are in f22m ; : : : ; 22m+1 � 1g heneyb < �22m+1 � 1�2 < 22m+2 � (xa)2whih ontradits (5). The result now follows.3
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